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1. Introduction and Preliminaries

In this research article we examine only finite, connected and non-oriented graphs with no
multiple edges and loops. We denote the vertex set and the edge set by V(G) and E(G) of the
graph G and the corresponding cardinality by |V (G)| and |E (G)| respectively. A graph labeling
is an assignment of integers to the vertices or edges, or both subject to certain conditions [1].
One of the important areas in graph theory is graph labeling used in many applications like
coding theory, x-ray crystallography, radar, astronomy, circuit design, communication network
addressing, data base management. The notion of prime labeling was introduced by R.
Entringer. Theta graph has its applications in bi-polar electric or magnetic fields. The field lines
are represented by the longitudes of the theta graph and the distance between the North Pole
and the South Pole influence the dipole moment. The labeling of the vertices and the edges
with some conditions help in wireless communication through the radio waves based on the
signal wave length. This mechanism may be considered in use by the researchers in different
ways [2]. In this research article we investigate that the uniform theta graph, quasi-uniform
theta graph and subdivision of uniform theta graph admit Vertex Prime and Edge Ternion Sum
Labeling.

Definition 1.1. Generalized theta graph (L4, L,, L3, ..., L,;,) is obtained by joining two distinct
isolated vertices with the end points of m disjoint paths Py, P,, Ps, ..., By, each of which has at
least two internal vertices, where L;, 1 < i < m denote the number of vertices on each of the
path P;. The internal paths are known as longitudes and the isolated vertex denoted by u joining
one end of each longitude is known as the North Pole and the isolated vertex denoted by v
joining the other end of each longitude is known as the South Pole [3].

Definition 1.2. A generalized theta graph is said to be a uniform theta graph if the number of
vertices on each internal disjoint path are uniform. The uniform theta graph is denoted
by8(m, n), where m denotes the number of longitudes and n denotes the number of vertices
on each of the longitudes [3].

Definition 1.3. A generalized theta graph is said to be a quasi-uniform theta graph ifL; =
Ly=L3=-+=Lp 5 =Lp <Ly, whereL;, 1 <i < m denote the number of vertices on
each of the path P;. Quasi-uniform theta graph is denoted by 8(m — 1,1: n,n + t) wheret >
1. 6(m — 1,1: n,n + t) Represents quasi-uniform theta graph with n vertices on each m — 1
longitudes L4, Ly, L3, ..., L;,_1 and n + t vertices on the mth longitude L,, with t > 1 [3].

Definition 1.4. The Subdivision graph S(G) of the graph G is obtained from G by adding a
new vertex in the middle of every edge of G[4].

Definition 1.5. A graph ¢ = (V(G), E(G)) is observed to admit prime labeling when the
vertices of the graph are labeled with unique integral values from [1,|V|] in a way that for
every edge uv the labels designated to u and v share no common positive factors except 1[1].

2. Main definitions

Definition 2.1. Let G(V, E) be a finite, connected and non-oriented graph. Let V(G) and E(G)
be the vertex set and edge set with cardinality |V (G)| and |E(G)| respectively. We define the
labeling of the vertices as a bijective mapping, f: V(G) — {1,2,3, ..., |V(G)|} such that for each
edge uv € E(G), gcf(f(uw),f(v))= 1 and we also define the labeling of the edges as an
injective mapping, g: E(G) — {1,2,3, ..., |V(G)| + |E(G)| } such that each edge has a distinct
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label and for an edge uv € E(G), the ternion sum denoted by 7" (uv) is defined by T (uv) =
f@ + f(w) + g(uv).

Definition 2.2. The Uniform ternion sum of a graph G is the ternion sum f(u) + f(v) +
g(uv), which is a unique constant ¢ for all the edges uv € E(G). The uniform ternion sum is
denoted byu(G) = c.

Definition 2.3. The 1-Edge varied ternion sum of a graph G is the ternion sum f(u) + f(v) +

g(uv) which is a unique constant ¢ for all |E(G)| — 1 edges and varies for only one edge of

the graphG. The 1-Edge varied ternion sum is denoted by, U1 (G) =
¢ for|E(G)| — 1edges

{cl for 1edge

Definition 2.4. The k —Edge varied ternion sum of a graph G is the ternion sum f(u) +
f(v) + g(uv) which is a unique constant ¢ for |E(G)| — k edges and another varied constant
c; which is same for the remaining k edges of the graph G such that |y, (G)| = k, where . (G)
denotes the set of edges that constitute unique ternion sum c¢ and |, (G)|denotes the number
of edges of the set u,(G). The k —Edge varied ternion sum is denoted by

1 _ (c for|E(G)| — k edges
Ui (G) = {C1 for k edges where k > 1.
Definition 2.5. The k —Edge varied ternion sum with [ —variations of a graph G is the ternion
sum f(u) + f(v) + g(uv) which is a unique constant ¢ for |E(G)| — k edges where k =
Z%zl k; and another varied constant c¢; which is same for the remaining k; edges of the graph
G such that |p,(G)| = k; for 1 < i <[ where p,(G) denotes the set of edges that constitute
unique ternion sum ¢ and |y, (G)|denotes the number of edges of the set u,(G). The k —Edge
varied ternion sum with [ —variations are denoted by

! _(c for|E(G)| — k edges . .
up(G) = {Ci for k; edges where k; >1land1<i<[[l>1

Definition 2.6. A graph G(V, E) is said to admit vertex prime and edge ternion sum labeling if
it satisfies the following conditions:

1. The vertices of the graph are labeled with unique integral values from [1, |V|] in a way that
for each edge uv, the end vertices u and v are designated labels that share no common
positive factors except 1.

2. The edges of the graph are assigned labels with distinct integral values from [1, |V| + |E|]
such that ternion sum is uniform ternion sum or 1 —Edge varied ternion sum or k —Edge
varied ternion sum with [ —variations

Note 1: In particular the k —Edge varied ternion sum is also known as k —Edge varied ternion
sum with 1 —variation.

Note 2: If |u.(G)| < k;, for 1 < i <[ then the graph G is only a vertex prime graph and not
an edge ternion sum graph.

Note 3: . (G) denotes the set of edges that constitute unique ternion sum ¢ and |y, (G)|denotes
the number of edges of the set u,(G).
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Note 4: ul(G) denotes the set of edges that constitute ternion sum ¢, and |ul(G)| denotes the
number of edges of the set ul(G).

3. Main results
3.1 Vertex prime and edge ternion sum labeling of uniform theta graph
Theorem 3.1.1:
The Uniform theta graph 8(m, n) admits vertex prime and edge ternion sum Labeling

with k —edge varied ternion sum ur(8(m,n)) =
{Z(mn +2) for(|E(6(m,n))| —k)edges
mn+5 for k edges

for all m,n > 3 and n = 0(mod 2).

Proof:

Let 8(m, n) denote the uniform theta graph for all m,n > 3.

The vertex set V(O(m,n)) = {u,v,v;; /1<i<m,1<j<n} and |V(B(m,n))| = mn + 2
The edgeset E(O(m,n)) ={uv;; /1<i<m} U{vv, /1<i<m}U {v;;v;;,1/1 <<
m1<j<n-—1} and |[E(8(m,n))|=m(n+1)

We define the labeling of the vertices as a bijective mapping, f: V(6(m,n)) - {1,2,3, ..., mn +
2} by

fW)=2,f@)=1fw)=ni-D+j+2,1<i<m1<j<n-1

We define the labeling of the edges as an injective mapping, g:E(6(m,n)) —
{1,2,3,..,m(2n+1)+2} by, for the edges uv;;,1<i<m , g(uvy;) =
n2m—-i+1)—-1 if i =1(mod 2)

{n(m—i+1) if i =0(mod 2)

For the edges vv; ,,1 < i <m, g(vv;,) =n(m —1i) + 2

Fortheedges v;j v;j11,1<i<m1<j<n—1,g(;v ) =2m—-i+1)—j) -1
Then for the edges uv; 1, vv; », and v; j v; j,4 wWe observe

gcf (f(u)ff(vi,l)) = 1? l<ism ,ng (f(v)lf(vvi,n)) = 1: 1<is<m

gc f (Fi) f(vijar)) =1 1<i<m1<j<n—1
we also observe that for 1 < i < m, the ternion sum for the edges uv; ; has two cases,

Case (1): i = 1(mod 2)
T(uvip) =fW + f(vi1) + g(uvi) = @)+ (n(i—1) +3) + (m2m—i+1) — 1)
= 2(mn + 2), which is a unique constant,

Case (2): i = 0(mod 2)
T(uvi,l) =f(u) + f(vi,l) + g(uvijl) =)+ (ni-D+3)+(n(m—-i+1))
= mn + 5, which is a varied constant
we also observe that for 1 < i < m, the ternion sum for the edges vv; , s,
T(vvi'n) =f(v) + f(vl-'n) + g(vvi,n) =(D+mE-D+n+2)+(n(m—-1i)+2)
= mn + 5, which is a varied constant
Fortheedge v;; v;jy1, 1<i<ml1<j<n-1
T (v vijer)=f (Vi) + f(0ijer) + 9(vij vijin)
=ni-D+j+2)+n—-D+j+3)+22n(m—-i+1)—j)—-1)
= 2(mn + 2). which is a unique constant,
we also infer that,
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pe(0(m,n)) ={uv;;/1<i<m, i=1(mod2)}U{v;jv;js1/1<i<m1<j<n-1}
m(n—1)+mT+1 if m=1(mod 2)

e (O(m,n))| = m(n—1) +% if m=0(mod?2)

we also infer that
ps(0(mmn)) ={uv;1/1<i<m, i =0(mod2)}VU {uv;,/1<i<m}

3m-1

if m = 1(mod 2)

k=lus(@mn)l =1 4,
~ if m=0(mod 2)
We observe that in all the cases | u.(6(m,n))| > k for all m,n >3 and n = 0(mod 2).
Therefore, 8(m, n) admits vertex prime and edge ternion sum labeling with k —edge varied

ternion sum
2(mn+2) for(|E(B(m,n))| — k) edges
1 _
He(O(m,m)) = { mn+5 for k edges
forall m,n = 3 and n = 0(mod 2).

Theorem 3.1.2:

The Uniform theta graph 8 (m, n) admits vertex prime and edge ternion sum Labeling
with uniform ternion sumu(6(m,n)) = 2(mn + 2), for all m,n =3, n = 1(mod 2) and
mn + 2 is prime.

Proof:

Let Hf(m, n) denote the uniform theta graph for allm,n > 3, n = 1(mod 2) and mn + 2 is
prime.

The vertex set V(O(m,n)) = {u,v,v;; /1<i<m,1<j<n} and |V(B(m,n))| = mn + 2
The edgeset E(O(m,n)) ={uv;; /1<i<m} U{vv;, /1<i<m}U {v;;v;;11/1 <<
m,1<j<n-—1} and |[E(O(m,n))|=m(n+ 1)

We define the labeling of the vertices as a bijective mapping, f: V(6(m,n)) - {1,2,3, ..., mn +
2} by

f}&u)z1,f(v)=mn+2,f(vl-,j)=n(i—1)+j+1,1 <i<m1<j<n

We define the labeling of the edges as an injective mapping, g:E(6(m,n)) —
{1,2,3,...,m(2n + 1) + 2} by, for the edgesuv;; , 1 <i <m, g(uv;;) =n(m—-i+1)+1
For the edgesvv;,, , 1 < i <m, g(vv;,) =n(m—1i) +1

For the edgesv; j v; 41,1 <i<m1<j<n—-1,9gw;;vj31) =2n(m—-i+1)—j)—1
Then for the edgesuv; 1, vv;,, and v;; v; j41 We observe

gcf (f(u)ff(vi,l)) = 1? 1<i< m, ng (f(v)lf(vvi,n)) = 1: 1<is<m

gc f (Fi) f(vijar)) =1 1<i<m1<j<n—1
we also observe that for 1 < i < m, the ternion sum for the edges uv; ; is,
T(uvi) =f@ + f(vig) +g(uvi)) =+ (n(i—D+2)+ mCm—i+ 1)+ 1)
= 2(mn + 2), which is a unique constant
we also observe that for 1 < i < m, the ternion sum for the edges vv; ,, is,
T(vvin) = fF(V) + f(vin) +9(vvin) =mn+2)+ (i—-D+n+ 1D+ nm(m—1i) +
D
= 2(mn + 2), which is a unique constant
Fortheedge v; j v;j41, 1 <i<m,1<j<n-1

T(vijvijer) = F(vij) + fF(ijer) + 9(vij vijer)
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=ni-D+j+D+0mE-D+j+2)+2nm—-i+1)—j)—-1)

= 2(mn + 2), which is a unique constant
we also infer that, p,(0(m,n)) = {uv;; /1 <i<m} U{vv;, /1 <i<m}U {v;; v 41/
1<i<m1<j<n-1}and |g.(6(mn))|=mn+1)
We observe that | u,(6(m,n))| = |E(6(m,n))| forall m,n = 3, n = 1(mod 2) and mn + 2
is prime. Therefore, 8 (m, n) admits vertex prime and edge ternion sum labeling with uniform
ternion sum, u(6(m,n)) = 2(mn + 2)
The uniform theta graph and its vertex prime and edge ternion sum labeling are as in the
following figures 3.1.1., 3.1.2. and 3.1.3. respectively.

V1,1 Vm1
vz,ﬂ
3 3
q d 4 d

|

v

4

Figure 3.1.1. Uniform theta graph 6 (m, n)
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Figure 3.1.2. Uniform theta graph 6(5,3) with uniform ternion sum u(6(m,n)) = 34
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Figure 3.1.3. Uniform theta graph 6(6,4) with varied ternion sum
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52 for 21 edges
1 —
e (O(m,m)) = { 29 for 9 edges

3.4 Vertex prime and edge ternion sum labeling of quasi-uniform theta graph
Theorem 3.2.1:
The quasi-uniform theta graph 8(m — 1,n: 1, n + t) admits vertex prime and edge ternion sum
Labeling with k —edge varied ternion sum
2(mn+t+2) for(|E(O(m,n))| — k) edges
1 _ mn+t+5 if t=0(nod?2)
He(O(m,m) = i n(m—1)+7if m =0(mod 2)and t = 1(mod 2) for k edges
n(m—1)+5if m = 1(mod 2)and t = 1(mod 2)
for all m,n > 3 and n = 0(mod 2).

Proof:

Let 6(m — 1,n:1,n + t) denote the quasi-uniform theta graph forallm,n > 3 and t > 1.
The vertex set V(H(m —1,n:1,n+ t)) =
fwvv;j/1<ism-11<j<njU{v,;/1<j<n+tt=1}and [V(@(m —
Lnln+t)|=mn+t+2

The edge set E(6(m—1,n:1,n+t)) = {uv;; /1<i<m} Uf{vy;,/1<i<m-1}U
{VVmn+e}U 0 Vi jp/1<i<m1<j<n+t—1}and
[E@(m—1n:1l,n+t))|=mn+1)+t

We define the labeling of the vertices as a bijective mapping, f:V(6(m —1,n:1,n+1t)) =
{1,23,...,mn+t+2}by f(w)=2,fw)=1,f(w;))=n(i—D+j+2,1<i<m, 1<
js<n+t

We define the labeling of the edges as an injective mapping, g: E(6(m —1,n: 1,n +t)) »
{1,2,3,...,m(2n+ 1) + 2t + 2} by

For the edges uv;; ,1 < i < m we have three cases

Case (1): m = 0,1(mod 2) and t = 0(mmod 2) forallm > 3 and t > 1 except t = 2 and
_ mCm—-i+1)+2t-1 if i = 1(mod 2)
whenm = 0(mod 2), g(uv;,) = { nm—i+1)+t if i =0(mod 2)

Case (2): m = 0(mod 2) and t = 1(mod 2) forallm =3 and t = 1 and
_ _ m2m-i+1)+2t-1 if i =1(mod 2)
alsot = 2 whenm = 0(mod 2), g(uv;,) _{n(m — i) 42 if i = 0(mod 2)

Case (3):m =1(mod 2) and t = 1(mod 2) forallm >3 andt > 1
mCm—-i+1)+2t—-1 if i =1(mod 2)

9(uviy) _{ n(m —1i) if i =0(mod 2)

For the edges vv; , ,1 < i < m — 1 we have three cases

Case (1): m = 0,1(mod 2) and t = 0(mod 2) forallm > 3 and t = 1 except t = 2 and
when m = 0(mod 2), g( vvi,n) =n(m—i)+t+2

Case (2): m = 0(mod 2) and t = 1(mod 2) forallm >3 andt > 1 and also t = 2
when m = 0(mod 2), g( vvi,n) =n(m—-i—-1)+4
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Case (3): m=1(mod2) and t =1(mod2) for all m>3 and t>1 , g( vvi,n) =
nm—i—1)+2
For the edge vv,, +¢, We have two cases

Case (1): m = 0,1(mod 2) and t = 0(mod 2) for all m > 3 and t > 1 except t = 2 when
m = 0(mod 2), g( vVmnie) = 2

Case (2): m = 0,1(mod 2) and t = 1(mod 2) forallm >3 and t = 1 and also t = 2 when
m = 0(mod 2), g(Vopmni) =mn+t+1

For the edges v, j v;jy,1<i<ml<j<n+t—1, g(vvj1) = 2((m—-i+1)+
t—j)—1

Then for the edges uv; 1, VV; n, V0 nyt, Vij Vi j+1 WE ObServe,

gcf (F), f(wy))=1for 1< i <m, gef (f), f(vvin)) =1for1<i<m—1

gcf (f(v),f(vm,nﬂ)) = l,gcf(f(vi_j),f( vi_j+1)) =lforl1<i<m,1<j<n+t-1

we also observe that for 1 < i < m, the ternion sum for the edges uv; ; has two cases,

Case (1): m = 0,1(mod 2) and t = 0(mod 2) for all m = 3 and t = 1 except t = 2 when
m = 0(mod 2)

Sub Case (1): i = 1(mod 2)
T(uviy) = fF@) + f(vi1) + g(uvi1) = 2(mn + t + 2), which is a unique constant,

Sub Case (2): i = 0(mod 2)
T(uviq) = f@) + f(viy) + g(uviy) = mn + ¢t + 5, which is a varied constant

Case (2): m = 0(mod 2) and t = 1(mod 2) for al m > 3 and t > 1 and also t = 2 when
m = 0(mod 2)

Sub Case (1): i = 1(mod 2)
T(uvi,l) =f(uw)+ f(vi,l) + g(uvijl) = 2(mn + t + 2), which is a unique constant,

Sub Case (2): i = 0(mod 2)
T(uvi,l) =f(u) + f(vi,l) + g(uvijl) =n(m — 1) + 7, which is a varied constant

Case (3):m=1(mod 2) and t = 1(mod 2) forallm >3 andt > 1

Sub Case (1): i = 1(mod 2)
T(uviy) = F@) + f(vi1) + g(uviy) = 2(mn + t + 2), which is a unique constant,

Sub Case (2): i = 0(mod 2)
T(uviy) = fF@) + f(vi1) + g(uvy1) = n(m — 1) + 5, which is a varied constant
we also observe that for 1 < i < m, the ternion sum for the edges vv;, s,
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Case (1): m = 0,1(mod 2) and t = 0(mod 2) for all m > 3 and t > 1 except t = 2 when
m = 0(mod 2), T(vv;,) = f) + f(vin) + 9(vvin) =mn+t+5, which is a varied
constant

Case (2): m = 0(mod 2) and t = 1(mod 2) for al m > 3 and t > 1 and also t = 2 when
m = 0(mod 2), T(vvi,n) =f(v) + f(vi,n) + g(vvi‘n) =n(m — 1) + 7, which is a varied
constant

Case (3):m=1(mod 2)and t = 1(mod 2) forallm >3 andt > 1
T(vvin) = f) + f(vin) + g(vvin) = n(m — 1) + 5, which is a varied constant
we also observe that the ternion sum for the edges vV, 54+ 1,

Case (1): m = 0,1(mod 2) and t = 0(mod 2) for all m = 3 and t > 1 except t = 2 when
m = 0(mod 2), T(vvmnie) = F@W) + f(Vmnse) + 9(V0mnse) = mn+t + 5, which is a
varied constant

Case (2): m = 0,1(mod 2) and t = 1(mod 2) forallm >3 and t = 1 and also t = 2 when
m = 0(mod 2)

T (vommnse) = FW) + f(Vmnse) + 9(VVmnte)= 2(mn + t + 2), which is a unique constant
Fortheedge v;; v;j11, ,1<isml<j<sn+t-—1

T(vijvije1) = f(vi)) + fF(ije1) + 9(vij vij41) = 2(mn+t+2), which is a unique
constant

We observe that in all the cases

lue(@6(m—1,n:1,n+1t))| > |ue(@6(m—1,n:1,n+t))| for all mn=3 and n=
0(mod 2). Therefore, 8(m — 1,n: 1,n + t) admits vertex prime and edge ternion sum labeling
for all m,n = 3 and n = 0(mod 2).

Theorem 3.2.2:
The quasi-uniform theta graph 8(m — 1,n: 1, n + t) admits vertex prime and edge ternion sum
Labeling with with k —edge varied ternion sum
ur(@(m—1,n:1,n+1t)) =
2mn+t+2) for(|lE@(m—1,n:1,n+1t))| —k)edges
{ 2nim—-1)+t+2 for k edges
for all m,n >3, t > 2,n = 1(mod 2), m = 1(mod 2),t = 0(mod 2) and mn +t + 2 is
prime.

Proof:

Let 6(m — 1,n:1,n + t) denote the quasi-uniform theta graph for all m,n >3, t > 2,n =
1(mod 2), m = 1(mod 2),t = 0(mod 2). The vertex set V(G(m -1,n1ln+ t)) =
fuvv;/1<sism-11<j<nju{v,;/1<j<n+tt=1}and [V(@(m —
Ln:1,n+t))|=mn+t+2 and the edge set E(O(m—1,n:1,n+t)) = {uv;; /1<i <
m} U{vw, /[1<SI<m—1}U{vopypeU (V04 /1<Si<sm1<j<n+t—1}
and

[E(@(m—1n:1,n+t)|=mn+1)+t

We define the labeling of the vertices as a bijective mapping, f:V(6(m — 1,n:1,n +t)) -
{1,23,....mn+t+2}by, f(w)=1,f(v)=mn+t+2
fp)=n(i—-D+j+1L,1<i<ml<j<n+t
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We define the labeling of the edges as an injective mapping, g: E (H(m -1Ln1ln+ t)) -
{1,2,3,..,m(2n + 1) + 2t + 2} by, for the edges uv; 1,1 <i <m
gluv;))=nm—-i+1)+2t+1

_ nm—-i)+t+1 if i =0(mod 2)

; <i<m- Y=

For the edges vv;,,, 1 <i<m—1, g(vv;,) {n(m =) 42 if i = 1(mod 2)
For the edge vV, i, 9(VVmnte) =1
For the edges v, j v;j4,1<i<ml<j<n+t—1, g(vvj1) = 2(m—-i+1)+
t—j)+1
Then for the edges uv; 1, VV; n, VU nit, Vij Vij+1 WE ObSErve,
gef fw), f(vi))=1forl1 <i<m,gcf (f(v),f(vvi,n)) =lforl<i<m-1

9cf (@) f(vmmee)) = 1. ge f (F(0i)) f(Vijea)) = 1for1<i<m1<j<n+t-1
we also observe that for 1 < i < m, the ternion sum for the edges uv; ; is,

T(uviy) = fF@) + f(vi1) + g(uvi1) = 2(mn + ¢ + 2), which is a unique constant

we also observe that for 1 < i < m, the ternion sum for the edges vv; ,, has two cases,

Case(1):if i=0(mod2), 1<i<m-1
T(vvin) = fW) + f(vin) + g(vvin) = 2(mn + t + 2), which is a unique constant

Case(2):if i=1(mod2), 1<i<m-1

T(vvin) = fW) + f(vin) + g(vvin) = 2n(m — 1) + t + 2, which is a varied constant

we also observe that the ternion sum for the edges vV, 54+ 1s,

T (vommnse) = FW) + f(Vmnte) + 9(VVmnie) = 2(mn + t + 2), which is a unique constant
Fortheedge v;; v;j11, ,1<isml<j<sn+t-—-1

T(vijvije1) = f(vi)) + fF(ije1) + 9(vij vij41) = 2(mn+t+2), which is a unique
constant

we also infer that, u.(6(m —1L,n:1,n+1t)) = {uv;;/1<i<m} U {v;;v;;41/1 <<
ml<j<n+t—1}JU{vy;,/1<i<m-—1, i=0(mod2)} U{vvy,,+¢}

lu.(O(m — 1,n:1,n 4+ t))| = w

we also infer that u;(O(m — Ln: 1,n + t)) ={vv;,/1 < i <m -2, i = 1(mod 2)}
k=lpi@m—-1m1n+0) ="

We observe that | u,(6(m—1,n:1,n+1t))| > k for all m,n=>3 and n = 1(mod 2).
Therefore, 8(m — 1,n:1,n +t) admits vertex prime and edge ternion sum labeling with

k —edge varied ternion sum ,u,l(@(m —1Lnln+t)) =
2mn+t+2) for(|lE@(m—1,n:1,n+1t))| —k)edges

> > =
{ 2n(m—-1)+t+2 for k edges forall mn=3,t=2n

1(mod 2), m = 1(mod 2),t = 0(mod 2) and mn + t + 2 is prime.

Theorem 3.2.3:
The quasi-uniform theta graph 8(m — 1,n: 1, n + t) admits vertex prime and edge ternion sum
labeling with 1 —edge varied ternion sum
2mn+t+2) for(|E(@(m—1,n:1,n+1t))|—1)edges

1 _ . —
mOm—1n1n+0) { n22m—-1)+t+5 for 1 edges
for all m,n =3, t =>2,n = 1(mod 2), m = 0(mod 2),t = 1(mod 2) and mn +t + 2 is
prime.
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Proof:

Let 6(m — 1,n:1,n + t) denote the quasi-uniform theta graph for all mn >3, t > 2,n =
1(mod 2), m = 1(mod 2),t = 0(mod 2).

The vertex set V(H(m —-1,n:1,n+ t)) ={uv,v;/l1<is<sm-11<j<nju{vy;/
1<j<n+t,t=1}and |[V(O(m—1,n:1,n+t))| = mn+t+ 2. The edge set E(O(m —
Lnln+t) = {uv; /1<i<m} U{vv, /1<i<m—13U{vvpned U {5 Vijia/
1<ismil<j<n+t—1}and |[E@m—-1Ln1L,n+t))|=mn+1)+t

We define the labeling of the vertices as a bijective mapping, f:V(6(m —1,n:1,n+1t)) =
{1,2,3,....mn+t+2}by, f(w)=1,f(v)=mn+t+2
fp=n@-D+j+1L,1<i<m1<j<n+t

We define the labeling of the edges as an injective mapping, g: E(6(m — 1,n: 1,n +t)) »
{1,2,3,..,m(2n+ 1) + 2t + 2} by, forthe edges uv;; , 1 <i <m
gluv;)=nCm—-i+1)+2t+1

Forthe edges vv;,, 1 <i<m—2,g(vv;,) =n(m—-i)+t+1

For the edge vv,,-1 5, g(VVm—1,) = 2, For the edge vV nie, G(VVmn4e) =1

For the edges v; j v;j4, 1<isml<j<n+t—1, g(v;vj1) = 2(nm—-i+ 1)+
t—j)+1

Then for the edges uv; 1, VV; n, VUi nt, Vij Vij+1 WE ObServe,

gef (fW), f(wi))=1for1<i<m,gcf (f(v),f(vvi,n)) =lfor1<i<m-1

gcf (f(v),f(vm,nﬁ)) = l,gcf(f(vi,j),f( vi,j+1)) =1,1<i<m,1<j<n+t-1
we also observe that, the ternion sum for the edges {uv;;,1 <i<m}, {vv;,,1<i<m-—
2}, (Womneeh Wijvijsn1<i<mil<j<n+t—1} is T(uvyy) =2(mn+t+2),
which is a unique constant
we also observe that the ternion sum for the edge vv,_;, is T (va—m) = f(v) +
f(vm_l,n) + g(vvm_m) = n(2m — 1) + t + 5, which is a varied constant
pe(@(mn)) = {uv;1/1<i<m} U {v;vj1/I1Si<ml<js<n+t—1} U {vv;,/
1<i<m-—2} U{vv,nse}
lpe(@(m—1Ln:L,n+t))l=mn+ 1D +t—1=|E@m—1n:1,n+1t))| -1
we also infer that, ui(6(m — 1L,n:1,n+1t)) = (vv,_1,} and k = |ug(O(m — L, n: L, n +
)l =1
We observe that | y,(6(m — 1,n: 1,n + t))| > k forall m,n = 3 and n = 1(mod 2).
Therefore, the quasi-uniform theta graph 8(m — 1,n:1,n + t) admits vertex prime and edge
ternion sum labeling with 1 —edge varied ternion sum

2mn+t+2) for(|E@(m—1,n:1,n+1t))|—1)edges
i(B(m —1,n:1,n+1)) ={ n2m—-1)+t+5 for 1edges
for all m,n =3, t > 2,n=1(mod 2), m = 0(mod 2),t = 1(mod 2) and mn +t + 2 is
prime.
The quasi- uniform theta graph and its vertex prime and edge ternion sum labeling are as in the
following figures 3.2.1. and 3.2.2. respectively.
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Figure 3.2.1. Quasi-uniform theta graph 8(m — 1,n: 1,n + t)

Figure 3.2.2. Quasi-uniform theta graph 6(5,3: 1,6) with 1-edge varied ternion sum

46 for 26 edges
1 . =
#1(6(5,3:1,6)) = { 41 for ledge

3.5 Vertex prime and edge ternion sum labeling of subdivision of uniform theta graph
Theorem 3.3.1:

The subdivision of uniform theta graph S[6(m, n)] admits vertex prime and edge ternion
sum labeling with uniform ternion sum u(S[0(m,n)]) = 2(m(2n + 1) + 2), for all m,n >
3 and m(2n + 1) + 2 is prime.

Proof:

Let 8(m, n) denote the uniform theta graph for all m,n > 3,

The vertex set V((m,n)) = {w,v,v;; /1 <i<m,1<j<n} and |[V(6(m,n))| = mn+
2
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The edge set E(O(m,n)) = {uv;; /1 <i<m} U{vv;, /1<i<m}U {v;;v;j41/1 =<
i<ml1<j<n-—1} and |E(B(m,n))|=m(n+1)

Let S[6(m, n)] denote the subdivision of uniform theta graph for all m,n > 3,

The vertex set V(S[@(m,n)]) = {w,v,v;; /1 <i<m,1<j<2n+1} and
[V(S[6(m,n)])| = m(2n + 1) + 2. The edge set E(S[B(m,n)]) = {uv;; /1 <i<m} U
{fvvin /1<i<m}U {v;;v;j41/1<i<m,1<j<2n} and |[E(6(m,n))|=2m(n+ 1)
From theorem 3.1.2. we observe that the uniform theta graph 6(p, q) admits vertex prime and
edge ternion sum Labeling with uniform ternion sum u(6(p,q)) = 2(pq + 2), for all p,q >
3, q = 1(mod 2) and pq + 2 is prime. Here we observe that the subdivision graph of theta
graph is a theta graph with ¢ = 2n + 1 and p = m and since (2n + 1) = 1(mod 2) we have
u(S[e(m,n)]) = 2(m(2n+ 1) + 2) and hence the subdivision of uniform theta graph
S[0(m,n)] admits vertex prime and edge ternion sum labeling with uniform ternion sum
u(S[e(m,n)]) = 2(m(2n + 1) + 2), forallm,n = 3, and m(2n + 1) + 2 is prime.

Corollary 3.3.1: 1f 6(m, n) is the uniform theta graph then
u(S[e(m,n)]) = u@(m,n)) + 2|E(6(m, n))|.

3. Conclusion

In this research article we investigate that the uniform theta graph, quasi-uniform theta graph
and subdivision of uniform theta graph admit vertex prime and edge ternion sum labeling.
Motivated by the concept of generalized theta graph, in our future work we will be constructing
a new type of theta graph known as ordered theta graph, even-ordered theta graph and odd-
ordered theta graph and also investigate vertex prime and edge ternion sum labeling on the
newly constructed graphs.
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