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1. Introduction

A fascinating area of research in graph theory is labeling. Giving values to edges or vertices
is the process of labeling. It was Alexander Rosa [2] who first proposed the idea of graceful
labeling. Later, a few labeling techniques were presented. See Gallian's dynamic survey [3]
for further details. V J Kanerial , Meera Meghpara , H M Makadia Pasaribu[4] proved that
grid graph is graceful labeling .V. J. Kaneria, H. M. Makadia and M. M. Jariya [5] proved
that cycle of graph is graceful labeling.V. J. Kaneria, H. M. Makadia[7] proved that swastik
graphs are graceful. In this paper we have proved that swastikgraph [Fig-1] is arithmetic
sequential graceful graph. We also proved that P(t.Swg,)[Fig-2]and C(t.Swg,)[Fig-3] are
arithmetic sequential graceful graph. We start with simple, finite, connected, undirected, non-
trivial graph with p vertices and g edges. V(G) be the vertex set and E(G) be the edge set of
G. Here Swg, denotes swastik graph.The motivation for studying the swastik graph as an
arithmetic sequential graceful graph is to advance the understanding of graph labeling by
manipulating its unique symmetry and cultural significance. This research has potential
applications in network design, data structure optimization, algorithm development,
cryptography, and biological network analysis.

Definitions

Definition 2.1:

A function f is called graceful labeling of graph G = (V.E) if f:V - {0,1, ..., q} is injective
and the induced function f*:E — {1,2, ..., q} defined as f*(e) = |f(u) — f(v)| is bijective
for every edge e = (u, v) € E.The graph called graceful graph if it admits gracefullabeling.

Definition 2.2:[4]
let G4, G5, Gs, ..., G, n = 2 be n copies of graph G. Then the graph attained by adding an edge
from G;to G;,1(1 < i <n — 1) is called path union of G and it is denoted by P(G).

Definition 2.3:[5]

For a cycle C,, each vertex of C,, is displaced by connected graphs G4, G,, G5, ..., G, and is
known as cycle of graphs. We shall mention it by €(G,, G,, Gs, ..., G,,). If we displace each
vertex by a graph G, i.e.G; = G,G, = G,G3 = G, ..., G, = G,such cycle of graph G is denoted
by C(n.G).

Definition 2.4:[7]
Swastik graph is an unionof 4 copies on Cu, If V; j(forall1<i<4&1<j<4n) be

vertices of it copy of CLEQ then we shall uniteV; 4, &V 1,V5 4,&V3 1, V3 4, &V, 1, V4 4, &V; 10y @
single vertex. If we bend arms of graph rightward at the centre then the graph seemsa
swastik. It is denoted bySw,, where n € N —{1}. Obviously |V(Sw,)| = 16(n) —
4 &|E(Swy)| = 16(n).

Definition 2.5:

Let G be a simple, finite, connected, undirected, non-trivial graph with p vertices and q
edges. V(G) be the vertex set and E(G) be the edge set of G. Let f:V(G) = {a,a+d,a +
2d,a+3d,...,2(a+ qd)} where a > 0 and d > 1 is an injective function. If for each edge
uv € E(G),fE(G) - {d,2d,3d,4d, ...,qd} defined by f*(uv)=|f(w)—f(v)| is a
bijective function then the function f is called arithmetic sequential graceful labeling. The
graph with arithmetic sequential graceful labeling is called arithmetic sequential graceful
graph and it is denoted by ASG,.
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2. Main Results

Theorem 3.1:

A graph Swg,is anarithmetic sequential graceful graph,n = 2.

Proof:

Considering u; 4, &uz 1, Upan&us; and usz.,&u,, as single vertex u,q, us; and ugq
respectively.

Let V(Swg,) =f{u;;:1 <i<4;1<j<4n}and

E(Swgy) =f{ujjuije1: 1<i<41<j<4n—1}U{uauar 1 <0< 3} U{ugqug, )
Here |V| = 16n —4,|E| = 16n.

We define a function f:V(G) - {a,a + d,a + 2d,a + 3d, ...,2(a + qd)}.

The vertex labeling are as follows,

flu)=a+ |ten— ()| a  ifj=13..47-1

flu) = a+|(E2)] ifj = 2,4, ...,21

flu)=a+|(Z)] ifj = 20 + 2,20 + 4, ... 49

flu) = a+ [+ ()] d  ifj=13.2m+1

f(uz,j)= a+ _277+(T) d ifj=2n+32n+5,..4n—1

fluz) = a+ |1an—(E2)| d  ifj=24,..21

fluz;) = a+ :1477 - (é d ifj=2n+22n+4...2n

Flusy) = a+ [120- ()

flus;)= a+ :417 +1 +(

f(ug,j) = a+ :417 +2 +(
(

d ifj=13,..47—1
d ifj=24,..72
d

f(u4,j) = a+ _617 +2+

flu) = a+ [10n—(E2)|d  ifj=24,.47-2
From the function f*: E(G) - {d, 2d,3d,4d, ..., qd} we get the edge labels of the swastik
graph Swg,,as follows

Table:1 Edge labels of the graphSwg,,

fr(uv) Edge labels Value

e ()Gl
) () e G
o) ln-2- ()34
fr(ugur) |1 +i—10n]d| i=1

It is clear that the function f is injective and also table 1 shows that
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f“E - {d, 2d,3d,4d, ..., qd} is bijective. Hence f is arithmetic sequential graceful labeling
and the graph Swg,is arithmetic sequential graceful graph.
Example 3.1.1:Graceful labeling ofSwg,shown in figure-1.

a+62d a+2d a+51ld a+3d a+60d
*—9
a+36d a+55d
a+30d a+d p a+5d
a+37d 24314 a+63d a+143d
a+29d . a a+dd
a+35d
a+33d a+56d +9d a+55d
a+38d a+3:d . a+8d . : . * a+10d
a+32d a+6fd
a+28d 27 a+48d 154
e & o e o a+
. 24304 a+d0a  a+26d 24160 a+40d [ ] a+54d
atdld g e o+18d a+50d . a+1ld
a+25d
® a+47d atldd @ a+53d
a+23d
a+43d a+24d a+42d
» e 2t19d
-
a+51d a+12d
b a+ded
ata4d  a+21d a+45d  a+20d i
Figure -1: Swastik graph Swg,.
Theorem 3.2:
Union of finite copies of the path of Swg, is an arithmetic sequential graceful graph,

n=2.
Proof:
Considering, for 1 < K < t, w14y &Uk21, Uk 2,an&Ux 3,1 AN Uy 3 470 &Ly 4 1 8S SiNGlE vertex
Uy 2.1, U 3,1 aNd Uy 4 1 respectively.
Let V(Swgy,) ={w; i1 <k<t1<i<41<j<4n}and
E(Swgy) = {wgijurin+j i 1 <Sk<t; 1<i<41<j<4n—1}U{ug; ugq4i10 1 <k <

t; 1< i < 3} U {uk,l,luk,él-,l: 1<k< t} U {u1<,1,(47’7+1)uk+1,1,(47"+1): 1<k<

-1}

Let G = P(t.Swg,) be a union of finite copies of the path of Swg,, n = 2.

Here |V| = t(16n — 4)&|E| = (t — 1) + t(167n).

Let wg; ;(for allforall 1 < i < 4 &forall 1 < j < 4n) be the vertices of k" copy of Swg,,
for all 1 <k < t where the vertices of k** copy of Swg, is 161 — 4 and the edges of kth
copy of Swg,, is 16n.
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Join the vertices w1 2541 0 Upy112n4+1 fOr kK =1,2,...,t — 1 by an edge to form the path
union of t copies of swastik graph.
We define a function f:V(G) = {a,a+ d,a + 2d,a + 3d, ...,2(a + qd)}.
The vertex labeling are as follows,
161

f(ul,i,j) =a-++ [f(ui,j) - a]d, lf f(ui,j) < T +1

16
flug)) =a+[fw)—a+{{(t—1)+¢t16n]—16n}d,  if f(u,)> 7’7 +1
(foralli =1,2,3,4 &forall j = 1,2, ...,4n)

fuzi;) = a+[f(ugy) + {[(t = 1) + t.16n] — 16n}]d, if f(ugj)
< (t—1)+ (t.167n)

2
fluzij) = a+[f(us;) — {[(t— 1)+ t.16n] — 16n}]d, if f(uy;)
=D+ 16m)

2
(foralli =1,2,3,4 &forall j = 1,2, ...,4n)
fluiy) = a+[f(ug-1,) + (160 + 1)]d, if flug-1:5)
(t—1)+ (t.167m)
< 2
fluiy) = a+[f(ug-1,) — (160 + 1)]d, if flug-1:5)
S (t—1)+ (t.167m)
2

(foralli =1,2,3,4,forall j = 1,2, ...,4n &for allk = 3,4, ..., t)
From the function f*:E(G) — {d,2d,3d,4d,...,qd} we get the edge labels of the
graphP(t.Swgy,)as follows

Table:2 Edge labels of the graph P(t.Swg,)

fr(uv) Edge labels Value
|[f (ui,j) — a +2{[(t — 1) + t. 167]
- o) o
f*(uiju2,05) — Fur DNd]if fui)) i=1j=2n+1
> 16n +1
2 )

(t—1)+ (t.167n)

f(uyj) >

[f (wa;) — €[t = 1) + t. 167]
* —16n} - f(uz,i,j)
f (uz,i,ju3,i,j) + (1677 n 1)]d|
i flu) > R L0

2 )
fQuzj) >

i=1j=2n+1

(¢ — 1) + (t. 161)
2

It is clear that the function f is injective and also table 2 shows that
f“E - {d, 2d,3d,4d, ..., qd} is bijective. Hence f is arithmetic sequential graceful labeling
and the graph P(t. Swg,)is arithmetic sequential graceful graph.
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s8d
a+d a+lddd
- a+2d a+95d “i at4sd
a+23d  atlasd .o at5d  aildad a+100d
i . a+ad s+l2ld 227 oo a+103d
L 3 . 102d
atdad
a+126d L at141d .
a+24d a+28d a+43d
+122d
at22d a+25d a+6d a+7d a+139d ¢
. d a+123d a+104d a+105d a1d
a+124d a+146d a+140d a+120 . .
a+128d a+13ad a+135d a+26d a+48d at42d
- p a:8d a+30d a+36d a+37d
at127d  at21d 420 at12d 2+29d " a+106d
a+14d a+119d a+118d 5+110d
at128d o 3 at11d * p a+138d - a+112d sr105q o
at, 3 3 » at+
a+130d
= o+15d ai133d a+ad a+116d sised
a+136d Y 3+38d @ a+107d
as32d  a+llzd
p a+15d a+50d a+95d a+51d ae3ad
a+131d a+l6d a+132d L L 241134
ad  a+34d
a+72d at76d a+54d  aig3d
a+96d 2+53d
a+73d 49d
a+77d atagd a+92d
a+71d 54744 3+57d | 3455d a+56d at90d
a+75d a+e1d
a+79d a+85d a+86d g
. 3457
a+78d 3+70d a+68d a+61d
a+63d
atsod @ y 3+60d @ a+89d
a+67d a+8ld
o>+68d DHBM a+87d a+58d
p =+64d
a+g2d a+65d  a+83d

Cycle of t copies ofC(t. Swgy,) is an arithmetic sequential graceful graph,
n = 2 and r = 0,3(mod 4).
Proof:
Considering, for 1 < K < t, w14y &Uk21, Uk 2,4n&Ux 3,1 AN Uy 3 47 &Ly 4 1 8S SiNGleE vertex
Uy 2.1, U 3,1 and uy 4 1 respectively.
Let V(Swg,) ={w; i1 <k<t;1<i<41<j<4n}and
E(Swgy) = {wgijurijer: 1<Sk<t; 1<i<41<j<4n—1}U{ug 1101 <k <

t;1<i<3}uf{w a1l <k<tju {um,("?"+1)uk+1,1,(“7”+1): 1<k<t- 1} U

{um,(‘%”ﬂ) u1,1,(47”+1)}'

Let G = C(t.Swgy) be a cycle of swastik graph,n = 2.

Here |V| = t[16n — 4], |E| = t[16n + 1].

Let uy; ;j(for all 1 < i < 4 &for all 1 < j < 4n) be the vertices of k™" copy of Swg,, for all
1 < k < t where the vertices of k" copy of Swg,, is 16n — 4 and the edges of k" copy of
Swg, is 16m.

Join the vertices uy q 2p41 t0 Ugi1,1,2n41 TOr K =1,2,...,t — 1 and g 1274110 Uy 12941 DY aN
edge to form C(t. Swg,).

We define a function f:V(G) - {a,a + d,a + 2d,a + 3d, ...
The vertex labeling are as follows,

flui) = a+[f(uy) —ald,
f(ul,i,j)

(forall i

2(a+qd)}.

. 167
if flu)s—+1

. 167
lf f(ul,])>—+1

=a+ [f(ui,j) —a+{t[16(n) + 1] — 16n}]d, >

1,2,3,4 &forall j = 1,2, ..., 47)
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f(uzi;) = a+ [f(ugy) + {t[16(n) + 1] — 16n}]d, if fluy)) < ¢160) +1]

fuzij) = a+ [flug) — {t[16(n) + 1] - 16n}]d, if fuy;) >
(foralli =1,2,3,4 &forall j = 1,2, ...,4n)

t[16(n) + 1]
2

fukis) = a+ [f (ur,) + (160 + D]d, i Fluri) < t[16(n) + 1]
16 1
fukij) = a+ [f (ug-1,) — (160 + 1)]d, if fQueii)) > %
(foralli = 1,2,3,4, forall j = 1,2, ...,4n &for allk = 3,4, g )
' ] 16(n) + 1
Faens o) =at [r(uy )+ aon+2)]a F e <001
( 2t ”) - f(ut 1 'U) — (16n + 2) d, if f(ug_l,i,j) > w
(forall i =1,234&forall j =1,2,...,4n)
' ] 16(n) + 1
( 7 ”) - -f (u§+ ' ) + (16 + 2) d, if f(u§+1,i,j) < %
( 7+2 ”) —ar f<ut ) — (16n + 2) d, if f(u§+1,i.j) > w
(forall i=1,23,4&forall j =1,2,..,4n)
f(weij) = a+ [fuc1i)) + (160 + D], o Fu,) < T8+ 1]
f(uis) = a+[fQucai) — A6 + D]d, o Frs) > t[16(n) + 1]

2
(foralli =1,2,34,forall j = 1,2,...,4n &forallk = 2+ 3,2+ 4, ...t )

From the function f*: E(G) - {d, 2d, 3d, 4d, ..., qd} we get the edge labels of C(t.Swg,)as
follows

Table:3 Edge labels of C(t.Swg,)

ffuv) Edge labels Value

|[f (wi) — @ = f(uris)

+ 2{t[16(n) + 1]

[ (wajuzi) — 16n}]d| i=1j=27+1
if fluj) > + 1,
([16(n) + 1
f(u1,i,j) > M

2

|[f (u,5,5) — (t[16(n) + 1] — 167}

. — f(ug:;) + (167

£ (uzius,i,f) +1)]d| = 1j=2m+1

t[16(n) + 1]

—

t[16(n) + 1]
2

if flugi) >

fQuzj) >
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s i) = (o))

f*(u3,i,jut,i,j)
16 1 i=17]=
if f(”g_l,i,,-) S t (r;) + ]' i=1j=2n+1
16 1
Fl ) > g
|[f (ue-r,i) — (160 + 1) — f(uy ;)
f*(ut,i,jul,i,j) —{t[16(n) + 1]

—1617}]d| i=1,j=2n+1
t[16(n) +1
if f(ue-1,5) > %'

161
f(ul-,j) > T +1

It is clear that the function f is injective and also table 3 shows that

f“E - {d, 2d,3d,4d, ...,qd} is bijective. Hence f is arithmetic sequential graceful labeling
and the graph is arithmetic sequential graceful graph.

Example 3.3.1: Thecycle of 4 copies of Swg, and its graceful labeling shown in figure-3.

a+131d atd a+130d
. 100d
a+118d a+129d
a+16d al o YY) +101d a+30d
-
at118d |a+17d |2F132d | a+ad a+lzed o3 at116d 184 ol ausg
. . a+103d
a+124d  a+l46d
a+15d atiaa a+8d a+127d a+1ad |at117d | 7329 [at104d a+23d 2+105d
3 -
a+120d 2+l4d 5+124d  a+]a6d
+L0d a+108d
a+13d : a+6d at115d a+24d g
a+izld a+125d a+20d a+lla
66d &7d
a+l10d
a+122d y a+123d at113d L ; a+106d
are a+21d a+25d
a+22d p 3+23d
33d a+111d
52d
atesd at
* a+64d a+98d 3 a+97d
.
atgsd  o¥52d a+63d
ate7d a+70d atsod  TE50 oay 2+96d
> a+37d
a+66d a+71d a+62d
a+53d |a+8ad : at72d sised |averg | wessd| aesse sesd sesod
at124d  a+]46d .
+124d  a+146d
a+58d a+75d a a
a+82d o t6ld sagd a#91d a+42d saad
s+54d  a+Bld & e °
a+g7d a+4&d
a+f7d
at80d > a+73d a+fiad
a+55d i +58d a+47d b i a+40d
a
3+ a+92d
a+56d p 2+57d
2+73d a+8od b a+90d

Figure-3:C(4.Swg,)
3. Conclusion

In this article, we have presented an exploration of arithmetic sequential graceful labeling
applied to the Swastik graph. Our study has yielded three novel results, namely the graceful
labeling of the Swastik graph, the path union of the Swastik graph, and the cycle of the
Swastik graph. Through the use of illustrative examples, we have showcased the labeling
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pattern, enhancing comprehension of the derived outcomes. Our future endeavours will
involve extending the analysis of arithmetic sequential graceful labeling to other graph
families.
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