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1. Introduction
A non-trivial, simple, finite and undirected graphs are considered in this article. An assignment
of integers to the vertices or edges, or both subject to certain conditions is called graph labeling
[3]. Cahit introduced the concept of cordial and 3-equitable labeling [1]. Ponraj et al., introduced
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the concept of mean cordial labeling [5]. Geometric mean cordial labeling was introduced by K.
Chitra Lakshmi, K. Nagarajan [2].

Motivated by these definitions, we define the new notion called Square Difference Geometric
Mean (SDGM) 3-Equitable labeling. We investigate the SDGM 3-Equitable labeling of certain
cycle related graphs such as Alternate Triangular Cycle graph, Flower graph and Petersen graph.

Definition 1.1 [4]: An Alternate Triangular Cycle A(C,,) is obtained from an even cycle C,,, =
{uq,v1,uy, vy, ..., uy, v, } by joining u; and v; to a new vertex w;. That is, every alternate edge of
acycle C,,, is replaced by C;.

Definition 1.2 [6]: A Flower graph Fl, is the graph obtained from a helm by joining each
pendant vertex to the central vertex of the helm.

Definition 1.3 [7]: The generalized Petersen graph P(n, k), (n > 2k) is defined to be a graph
on 2n vertices with V(P(n,k)) ={v,u:1< i < n}and E(P(nk)) =
{vivig, viwg, wiui e 1 < i < n, subscripts modulo n}.

2. Main Results

Definition 2.1:

A Square Difference Geometric Mean (SDGM) 3-Equitable labeling of a graph G =
(V,E) is a surjective mapping f:V(G) — {0, 1,2} such that the induced mapping g: E(G) —
{0,1,2} is defined by [yI(f(w)?— (f(v)?||,Vuv € E(G) with the condition |v;(i) —
vr()| < 1and |e, (i) — e, (D] < 1forall 0 <i,j < 2. Also, if |(v + e,) (D) — (vf + ) ()| <
1 for all 0 <i,j < 2 then the labeling is called Perfect Square Difference Geometric Mean 3-
Equitable labeling. A graph is called a Square Difference Geometric Mean (SDGM) 3-Equitable
graph if there exists a SDGM 3-Equitable labeling and Perfect Square Difference Geometric
Mean 3-Equitable graph if there exists a Perfect SDGM 3-Equitable labeling.
Remarks 2.1: If we consider f: V(G) — {0, 1}, the definition 3.1 coincides with that of cordial
labeling. Hence we consider f:V(G) — {0, 1, 2}.

Theorem 2.1: The Alternate Triangular Cycle graph A(C,,) is a Perfect SDGM 3-Equitable
graph Vv n.

Proof: Let G be a Alternate Triangular Cycle graph A(C,,) with the vertex set V(G) =
{u;,viw; /1 < i < n}and the edge set E(G) = {yv;, yyw;,viw;/ 1 <i<n}u
viuyy1 /1<i<n-1}u{v,u,}, |V(G)|=1=3n and |[E(G)| =k = 4n. The
Alternate Triangular Cycle graph A(C,,,) is shown in the following fig 2.1 (a).
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Fig 2.1 (a). Alternate Triangular Cycle graph A(C5,,,)

Define f : V(G) - {0, 1, 2} as follows:
Case (i): n = 0(mod 3)

flw) = {; 2;%2(7%2613)3) forall1<i<n
i = 1,0 (mod 3)

0, ,
f(vi)—{z’ i = 2 (mod 3) forall1<i<n

0, i =1 (mod 3)
fw)=<1i=2(mod3) foralll1<i<n
2, i =0 (mod 3)

Here [ = 0(mod 3) i.e. I = 3t, s0 v,(0) = vp(1) = v¢(2) =t and k = 0(mod 3) i.e. k = 3s,
s0ey(0) =e4(1) = e4(2) = s.

Also (vf + eg)(O) = (vf + eg)(l) = (vf + eg)(Z) =t+s.

Case (ii): n = 1(mod 3)
fu) = {; li::t,Z(TElr(r)lzdS)S) forall1<i<n-—1 and f(u,) =0
0, i =1 (mod 3)
fw))=<1i=2(mod3) foralll<i<n-—1andf(w,) =2
2, i =0 (mod 3)

Here [ = 0(mod 3) i.e. [ = 3t,30 v£(0) = vp(1) = v¢(2) = tand k = 1(mod 3) i.e. k =3s +
1,50e,(0) =e4(1) =5,64(2) =s + 1.
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Also (v; +¢,)(0) = (vs +e,)(D) =t+s,(vp+e,)(2)=t+s+1.

Case (iii): n = 2(mod 3)

Fu) = {; ‘= BZ(T;’Z;"’ZS)S) foralll<i<n—2 and f(u,_y) = 0, f(uy) = 2

Fv) = {3 iiilz'(zrfl"olgdgf) forall1<i<n—2and f(v,_) = 1,f(v,) = 0
0, i =1 (mod 3)

fw) =<1 i=2(mod3) foralll<i<n-—-2andf(w,_;)=1f(w,) =2
2, i =0 (mod 3)

Here [ = 0(mod 3) i.e. I = 3t, 50 v;(0) = vp(1) = v¢(2) = tand k = 2(mod 3) i.e. k =3s +

2,50e4(0) =¢e4(2) =s+1,e4(1) =s.

Also (vf + eg)(O) = (vf + eg)(Z) =t+s+1, (vf + eg)(l) =t+s.

In all the above cases, we see that |v(i) — vr(j)| <1 and |e,(i) — e;,())| < 1 forall 0 <

i,j < 2.AIs0|(vr +e,)@) — (vp+e,)(D|<1forallo<i,j < 2.

Hence Alternate Triangular Cycle graph A(C,,) is a Perfect SDGM 3-Equitable graph V n.

Illustration 2.1: Perfect SDGM 3-Equitable Labeling of Alternate Triangular Cycle graph

A(C;y3) is shown in fig 2.1 (b).

Fig 2.1 (b). Perfect SDGM 3-Equitable Labeling of Alternate Triangular Cycle graph A(C;5)

Here v¢(0) = vs(1) = v,(2) = 6 and e, (0) = e4(1) = e4(2) = 8.
Also (vf + eg)(O) = (vf + eg)(l) = (vf + eg)(Z) = 14.
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Therefore |ve () — v (D] <1, |eg(D) — e;(D| < 1 and (v +e5)(@) — (vr +¢,)(D| <1
forall0<i,j < 2.

Theorem 2.2: The Flower graph Fl,is a Perfect SDGM 3-Equitable graph when n =
0,1(mod 3) and SDGM 3-Equitable graph when n = 2(mod 3).

Proof: Let Fl,, be a Flower graph with vertex set V(FL,) = {u,u;,v;: 1 < i < n} and edge set
E(Fl,) = {uu,uv;,uv; : 1 <i<n}Uf{uyu:1<i<n-1}U{u,uy}. Let |V(E)|l =1
and |E(F,)| = k. Then [ = 2n + 1 and k = 4n. Flower graph FL,, is shown in the following fig
2.2 (a).

Fig 2.2 (a). Flower graph FL,

Define f : V(G) — {0, 1, 2} as follows:
Case (i): n = 0,1(mod 3)

fw)=0
i =1,2 (mod 3)

1, )
f(ui)—{o, i = 0 (mod 3) forall1<i<n

_ (2, i=12(mod3) ,
f(vi)_{o, i = 0 (mod 3) forall1<i<n
Sub Case (i): n = 0(mod 3)

Here = 1(mod 3) I =3t + 1,50 vs(0) =t + 1,v,(1) = vp(2) =t and k = 0(mod 3) i.e. k =
35,80 e4(0) = e4(1) = ¢4(2) = s.

Also (vf + eg)(O) =t+s+1, (vf + eg)(l) = (vf + eg)(Z) =t+s.
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Sub Case (ii): n = 1(mod 3)

Here = 0(mod 3) [ = 3t, 50 v£(0) = vs(1) = v,(2) =tand k = 1(mod 3) i.e. k =3s + 1,50
eq(0) =e4(1) =s5,64(2) =s + 1.

Also (v; +¢,)(0) = (vs +e,)(D) =t+s,(vp+e,)()=t+s+1.
Case (ii): n = 2(mod 3)

fw) =0
i = 1,2 (mod 3)

1, .
fa={y 2 iramedd) foralli<i<n

i =1,2 (mod 3)

2, . _
f(vi)—{o' i = 0 (mod 3) foralll<i<n-1and f(v,) =0

Here = 2(mod 3) I =3t + 2,50 v;(0) = vp(1) =t + 1,v,(2) =t and k = 2(mod 3) i.e. k =
35+ 2,50e4(0) =e4,(1) =s+1,e4(2) =s.

Also (v; +¢,)(0) = (v; +e,)(D) =t+s+2,(v;+e,)(2) =t+s.

In case (i), we see that |v;(i) — vr(j)| < 1and |e;()) — e;()| < 1forall 0 <i,j <2.Also
|(vr +e,)@) — (vy+e5)(D|<1forall 0<i,j < 2and in case (i) we see that |v(i) —
vf(j)| <1, |eg(i) - eg(]')| < land |(vf + eg)(i) - (vf + eg)(j)| £1 forall0<i,j < 2.

Hence Flower graph Fl, is a Perfect SDGM 3-Equitable graph when n = 0,1(mod 3) and
SDGM 3-Equitable graph when n = 2(mod 3).

Illustration 2.2: Perfect SDGM 3-Equitable Labeling of Flower graph Fl;, is shown in fig 2.2
(b).

Fig 2.2 (b). Perfect SDGM 3-Equitable Labeling of Flower graph Fl,,
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Here v¢(0) = 9,v,(1) = vs(2) = 8and e, (0) = e,(1) = e4(2) = 16.
Also (v; + €4)(0) = 25, (v + e5)(1) = (v + ¢,)(2) = 24.

Therefore |ve () — v (D] <1, leg(D) — e;(D| < 1 and (v +e5)(@) — (vr +¢,)(D| <1
forall0<i, j < 2.

Theorem 2.3: Petersen graph P (n,2) with n > 5 is a Perfect SDGM 3-Equitable graph when
n =0,1,2,4,5(mod 6).

Proof: Let G be a Petersen graph P(n,2) with the vertex set V(G) = {v;,u; /1 < i < n},
where v; be the outer vertices and wu; be the inner vertices and the edge set E(G) =
fvivig/1<i<n-1}Uu{y}u{viy, /1 <i<n} U{wup,,/1<i<n-2}U
{up_1uqs, upuy 3, |V(G)| = 2nand |E(G)| = 3n. The Petersen graph P(n, 2) is shown in the
following fig 2.3 (a).

Fig 2.3 (a). Petersen Graph P(n, 2)

Define f : V(G) - {0, 1, 2} as follows:
Case (i): n = 0(mod 6)
0, i=1,4(mod 6)
fw)=1:11i=23(mod6) foralll1<i<n
2, i=0,5(mod 6)

0, i=1,2 (mod 6)
,1=3,4(mod6) foralll1<i<n
2, i=0,5(mod 6)

—_

fw) =
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Here [ = 0(mod 3) i.e. | = 3t, s0 v(0) = v,(1) = vs(2) =t and k = 0(mod 3) i.e. k = 3s,
s0ey(0) =e4(1) = e4(2) = s.

Also (vf + eg)(O) = (vf + eg)(l) = (vf + eg)(Z) =t+s.
Case (ii): n = 1(mod 6)

0, i =1,4 (mod 6)
f(w)=<:1 i=23(mod6) foralll1<i<n-1

2, i =0,5(mod 6)

f(vn) =2

0, i=1,2 (mod 6)
f(u)) =41 i=3,4(mod6) foralll1<i<n-1
2, i=0,5(mod 6)

f(un) =1

Here [ = 2(mod 3) ie. I =3t+2, s0 vs(0) =t,v,(1) =v(2) =t +1 and k = 0(mod 3)
I.e. k = 35,50 e45(0) = e4(1) = ¢4(2) =s.

Also (vy +e,)(0) =t+s,(vy+e,)(1) = (v +e,)2)=t+s+1.

Case (iii): n = 2(mod 6)
0, i=1(mod3) n
) = <i<?
fy) {1’ | = 0,2 (mod 3) forall 1 <i<?Z
(0, i=1(mod3) n , B
f(Ui)—{Z’ i = 0,2 (mod 3) forall >+1<i<n-2

fWn-1) = f(vy) = 2

i =2 (mod 3)

0, . _n
:) = < I < =
fu) {1’ i = 0.1 (mod 3) forall2_1_2+1

i =1 (mod 3)

O, n .
) — — < < —
f(uy) {2’ i = 0,2 (mod 3) forall2+2_l_n 1

fu) =0,f(uy) =1

Here [ = 1(mod 3) ie. I =3t+1, so ve(0) = vp(1) = ¢t,v,(2) =t + 1and k = 0(mod 3)
i.e. k = 35,50 e45(0) = e4(1) = e4(2) =s.

Also (vf + eg)(O) = (vf + eg)(l) =t+s, (vf + eg)(Z) =t+s+1.
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Case (iv): n = 4(mod 6)
i =0,5(mod 6)

0, ]
) = <i<n-—
f () {2’ | = 1,234 (mod 6) forall1<i<n-—6

f(vn—S) =1, f(vn—4) = f(vn—3) = f(vn) =0, f(vn—l) = f(vn—z) =2

i =1 (mod 3)

0, .
N = <i<
fw) {1, i =0,2 (mod 3) forall1<i=<n

Here [ =2(mod 3) ie. L =3t+2, 50 vp(0) =v;(1) =t +1, vs(2) =t and k = 0(mod 3)
i.e. k = 35,50 e45(0) = e4(1) = ¢4(2) =s.

Also (vf + eg)(O) = (vf + eg)(l) =t+s+1, (vf + eg)(Z) =t+s.
Case (v): n = 5(mod 6)

(0, i=1(mod3) . _n+l
fy) —{1’ iEO,Z(mod3)f°ra" l<sis—

0, i=0(mod3) n+3 .
) = i<
fwi) {2, i =1,2 (mod 3) for all ; =t=sn

fu) =0,f(uy) =2

0, i=2(mod3) . n+3
) — < I < —
f(u;) {1’ iEO’l(mOdS)foraIIZ_l_ .

i =2 (mod 3)

0, n+5 .
f(ul) {2’ i_O,l( 0{3)f0ra” > <ig<n-1

Here [ = 1(mod 3) ie. [ =3t+1, s0 v,(0) =vp(2) =t, vs(1) =t +1 and k = 0(mod 3)
I.e. k = 35,50 €4(0) = e4(1) = ¢4(2) =s.

Also (vf + eg)(O) = (vf + eg)(Z) =t+s, (vf + eg)(l) =t+s+1.

In all the above cases, we see that |v;(i) — vr(j)| <1 and |ey(i) — e, ()| < 1 forall 0 <
i,j < 2.Also|(v;+e,)) — (vp+e,)()| <1forallo<ij < 2.

Hence Petersen graph P (n,2) with n > 5 is a Perfect SDGM 3-Equitable graph when n =
0,1,2,4,5(mod 6).

Illustration 2.3: Perfect SDGM 3-Equitable Labeling of Petersen graph P(6,2) is shown in
fig 2.3 (b).
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Fig 2.3 (b). Perfect SDGM 3-Equitable Labeling of Petersen Graph P(6,2)

Here v¢(0) = vs(1) = vp(2) = 4and e, (0) = e4(1) = ¢4(2) = 6.

Also (v + €,)(0) = (vy +¢,)(1) = (v + ¢4)(2) = 10.

Therefore |ve () — v, (D] <1, leg(D) — e;(D| < 1 and (v +e,) (@) — (vr +,)(D| < 1
forall0<i,j < 2.

3. Conclusion

In this paper we investigated the SDGM 3-Equitable labeling or Perfect SDGM 3-
Equitable labeling of certain cycle related graphs such as Alternate Triangular Cycle graph,
Flower graph and Petersen graph. The future work includes SDGM 3-Equitable labeling or
Perfect SDGM 3-Equitable labeling of ladder related graphs, tree related graphs and some
interconnection networks such as honeycomb network and benes network.
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