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INTRODUCTION:  

The concept of a fuzzy subset of a set was first presented by Zadeh [14] in 1965. Fuzzy sets are a 

helpful mathematical structure that may be used to describe a group of objects whose boundaries 

are not clearly defined. Since then, there have been many generalisations of this basic idea, including 

intuitionistic fuzzy sets, interval valued fuzzy sets, vague sets, soft sets, etc. It has also become a 

burgeoning field of study in other disciplines. The concept of bipolar valued fuzzy sets was 

suggested by Lee [6]. Fuzzy sets that have their membership degree range expanded from [0, 1] to 

[-1, 1] are called bipolar valued fuzzy sets. When elements in a bipolar valued fuzzy set have a 

membership degree of 0, it signifies that they are not relevant to the corresponding property. When 

an element has a membership degree of (0, 1] it means that they partially satisfy the property, and 

when an element has a membership degree of [-1, 0), it means that they partially satisfy the implicit 

counter property. Intuitionistic fuzzy sets and bipolar valued fuzzy sets have a similar appearance. 

They are distinct from one another, [6, 7]. Azriel Rosenfeld introduced the fuzzy subgroup[4]. Bipolar 

valued fuzzy subgroups of a group, as well as homomorphism and anti-homomorphism, are defined 

by Anitha M. S. et al. [1, 2]. Subsequently, K. Murugalingam and K. Arjunan[8] talked about interval 

valued fuzzy subsemirings of a semiring, while Yasodara.B and                        KE. Sathappan[12] 

presented bipolar valued multi fuzzy subsemirings of a semiring. The many kinds of translations in 

bipolar valued multifuzzy subnearrings of a nearing were defined by Muthukumaran, S. & B. Anandh 

This work defines and studies several sorts of translations in bipolar valued I-

fuzzy subsemiring of a semiring; translations are applied and certain 

translation theorems are presented. 
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[9]. The bipolar valued I-fuzzy subsemirings of a semiring were defined by Sunita Kuppayya Poojari 

et al. [11]. Here the concept of translations in bipolar valued I-fuzzy subsemiring of a semiring are 

given. 

 

1.PRELIMINARIES. 

Definition 1.1. [14] A fuzzy subset Ɗ of the set  is a function Ɗ :  →[0, 1]. 

Definition 1.2. [14] An interval valued fuzzy subset Ɗ of the set  is a function                        Ɗ :  

→D[0, 1]. Here D[0, 1] denotes the family of all closed subintervals of [0, 1]. 

Definition 1.3. [6] 𝑇ℎ𝑒 𝑜𝑟𝑑𝑒𝑟𝑒𝑑 𝑠𝑡𝑟𝑢𝑐𝑡𝑢𝑟𝑒 𝔗 = {(𝔷, 𝔗+(𝔷), 𝔗−(𝔷)): 𝔷 ∈ 𝕎} 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑                a bipolar valued 

𝑓𝑢𝑧𝑧𝑦 𝑠𝑢𝑏𝑠𝑒𝑡(𝔹𝕍𝔽𝕊) 𝑜𝑓 𝕨, 𝑤ℎ𝑒𝑟𝑒 𝔗+: 𝕨 → [0,1] 𝑖𝑠 𝑎 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒  membership map and 𝔗−: 𝕨 → [−1,0] is a 

negative membership map. 

Example 1.4. Let  = {, , } be a set. Then 𝔗 = {, 0.7, −0.6, , 0.4, −0.5, , 0.2, −0.3} is a 

bipolar valued fuzzy subset of . 

Definition 1.5. [11] 𝑇ℎ𝑒 𝑜𝑟𝑑𝑒𝑟𝑒𝑑 𝑠𝑡𝑟𝑢𝑐𝑡𝑢𝑟𝑒 𝔗 = {(𝔷, 𝔗+(𝔷), 𝔗−(𝔷)): 𝔷 ∈ 𝕎} 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑                a bipolar valued 

I-fuzzy subset or bipolar interval valued fuzzy subset  (𝔹𝕍𝐼𝔽𝕊) 𝑜𝑓 𝕨, 𝑤ℎ𝑒𝑟𝑒 𝔗+: 𝕨 → 𝐷[0,1] 𝑖𝑠 𝑎 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒  

membership map and                    𝔗−: 𝕨 → 𝐷[−1,0] is a negative membership map. Here D[0, 1] 

denotes the family of all closed subintervals of [0, 1] and 𝐷[−1,0] denotes the family of all closed 

subintervals of [−1, 0]. 

Example 1.6. Let  = {, , } be a set. Then 𝔗 = {, [0.7, 0.8], [−0.6, −0.5], , [0.4, 0.7], [−0.5, 

−0.3], , [0.2, 0.7], [−0.3, −0.1]} is a bipolar valued I-fuzzy subset of . 

Definition 1.7. [9] 𝐿𝑒𝑡 𝔓 =  𝔓+, 𝔓− be  𝔹𝕍𝐼𝔽𝕊 of the set ℕ1. Then the following transformation are 

defined as, 

(i) ≬ (𝔓) =  ≬(𝔓+), ≬(𝔓−) , where ≬(𝔓+)(𝜚) = 𝑟𝑚𝑖𝑛 {[½, ½], 𝔓+(𝜚)} and ≬(𝔓−)(𝜚) = 𝑟𝑚𝑎𝑥 {[−½, −½], 𝔓−(𝜚)}, 

for all 𝜚 ∈ ℕ1. 

(ii) ⋈ (𝔓) =  ⋈(𝔓+), ⋈(𝔓−) , where  ⋈(𝔓+)(𝜚) = 𝑟𝑚𝑎𝑥 {[½, ½], 𝔓+(𝜚)} and ⋈(𝔓−)(𝜚) = 𝑟𝑚𝑎𝑥 {[−½, −½], 

𝔓−(𝜚)}, for all 𝜚 ∈ ℕ1. 

(iii) 𝔔(𝜛,𝜍)(𝔓) =  𝔔(𝜛,𝜍)(𝔓
+), 𝔔(𝜛,𝜍)(𝔓

−) , where 𝔔(𝜛,𝜍)(𝔓
+)(𝜚) = 𝑟𝑚𝑖𝑛 {𝜛, 𝔓+(𝜚)} and 𝔔(𝜛,𝜍)(𝔓

−)(𝜚) =

𝑟𝑚𝑎𝑥 {𝜍, 𝔓−(𝜚)}, for all 𝜚 ∈ ℝ1, 𝜛 ∈ 𝐷[0, 1] 𝑎𝑛𝑑 𝜍 ∈ 𝐷[−1, 0]. 

(iv) ℜ(𝜛,𝜍)(𝔓) =  ℜ(𝜛,𝜍)(𝔓
+), ℜ(𝜛,𝜍)(𝔓

−) , where ℜ(𝜛,𝜍)(𝔓
+)(𝜚) = 𝑟𝑚𝑎𝑥 {𝜛, 𝔓+(𝜚)} and ℜ(𝜛,𝜍)(𝔓

−)(𝜚) =

𝑟𝑚𝑖𝑛 {𝜍, 𝔓−(𝜚)}, for all 𝜚 ∈ ℝ1, 𝜛 ∈ 𝐷[0, 1] 𝑎𝑛𝑑 𝜍 ∈ 𝐷[−1, 0]. 

(v) 𝔖(𝜛,𝜍)(𝔓) =   𝔖(𝜛,𝜍)(𝔓
+), 𝔖(𝜛,𝜍)(𝔓

−) , where 𝔖(𝜛,𝜍)(𝔓
+)(𝜚) = 𝜛𝔓+(𝜚) and 𝔖(𝜛,𝜍)(𝔓

−)(𝜚) = −𝜍𝔓−(𝜚), for 

all 𝜚 ∈ ℝ1, 𝜛 ∈ 𝐷[0, 1] 𝑎𝑛𝑑 𝜍 ∈ 𝐷[−1, 0]. 

Definition 1.8. [11] 𝐴 𝔹𝕍𝐼𝔽𝕊 𝔐 =  𝔐+, 𝔐− of a semi-ring 𝑆 𝑖𝑠 𝑠𝑎𝑖𝑑 to 𝑏𝑒 𝑎 bipolar valued I −

fuzzy subsemi − ring of 𝑆 (𝔹𝕍𝐼𝔽𝕊𝕊ℝ) 𝑖𝑓 𝔐 ℎ𝑎𝑠 𝑡ℎ𝑒 
𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛 , 

(i)  𝔐+(𝔶 + 𝔴) ≥ 𝑟𝑚𝑖𝑛{𝔐+(𝔶), 𝔐+(𝔴)}, 

(ii) 𝔐+(𝔶𝔴) ≥ 𝑟𝑚𝑖𝑛{𝔐+(𝔶), 𝔐+(𝔴)}, 

(iii) 𝔐−(𝔶 + 𝔴) ≤ 𝑟𝑚𝑎𝑥{𝔐−(𝔶), 𝔐−(𝔴)}, 

(iv) 𝔐−(𝔶𝔴) ≤ 𝑟𝑚𝑎𝑥{𝔐−(𝔶), 𝔐−(𝔴)}, 𝑓𝑜𝑟 𝑎𝑙𝑙 𝔶, 𝔴 ∈ 𝑆. 

Example 1.9. Let ℕ =  𝕫3 = {0, 1, 2} 𝑏𝑒 𝑎 𝑠𝑒𝑚𝑖 − 𝑟𝑖𝑛𝑔 𝑤𝑖𝑡ℎ ⨁3 𝑎𝑛𝑑 ⨂3. Then 𝔐 is defined as 𝔐 =

{(0, [0.072, 0.81], [− 0.91, −0.081]), (1, [0.051, 0.61], [− 0.61, −0.051]), (2, [0.051, 0.61], [−0.61, −0.051])} is a 

𝔹𝕍𝐼𝔽𝕊𝕊ℝ of ℕ. 

 

2. SOME THEOREMS. 

Theorem 2.1. [11] 𝐼𝑓 𝔎 =  𝔎+, 𝔎− and 𝔚 =  𝔚+, 𝔚− 𝑎𝑟𝑒 𝑡𝑤𝑜 𝔹𝕍𝐼𝔽𝕊𝕊ℝs of the 

semi − ring S1, then their intersection 𝔎 ∩ 𝔚 𝑖𝑠 𝑎𝑙𝑠𝑜 𝑎 𝔹𝕍𝐼𝔽𝕊𝕊ℝ of S1. 
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Theorem 2.2. 𝐼𝑓 𝔓1 =  𝔓1
+, 𝔓1

−, 𝔓2 =  𝔓2
+, 𝔓2

−, … and 𝔓𝑚 =  𝔓𝑚
+ , 𝔓𝑚

−  𝑎𝑟𝑒 𝔹𝕍𝐼𝔽𝕊𝕊ℝs of the semi −

ring S1, then their intersection 𝔓1 ∩ 𝔓2 ∩…∩ 𝔓𝑚 is also 𝑎 𝔹𝕍𝕄𝔽𝕊ℕℝ of ℕ1. 

Proof. The Proof follows from the Theorem 2.1. 

Theorem 2.3. 𝐼𝑓 𝔓1 =  𝔓1
+, 𝔓1

−, 𝔓2 =  𝔓2
+, 𝔓2

−, … 𝑎𝑟𝑒 𝔹𝕍𝐼𝔽𝕊𝕊ℝs of the semi −

ring S1, then their intersection 𝔓1 ∩ 𝔓2 ∩… 𝑖𝑠 𝑎𝑙𝑠𝑜 𝑎 𝔹𝕍𝐼𝔽𝕊𝕊ℝ of S1. 

Proof. The Proof follows from the Theorem 2.2. 

Theorem 2.4. If 𝔓 =  𝔓+, 𝔓− is a 𝔹𝕍𝐼𝔽𝕊𝕊ℝ 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑒𝑚𝑖 − 𝑟𝑖𝑛𝑔 S1, then                       ≬(𝔓) =  ≬(𝔓+), 

≬(𝔓−) is a 𝔹𝕍𝐼𝔽𝕊𝕊ℝ of S1. 

Proof. Let 𝜚, 𝜐 be in S1. Then 

≬(𝔓+)(𝜚+𝜐) = rmin{[½,½], 𝔓+(𝜚+𝜐)} 

 rmin{[½,½], rmin{𝔓+(𝜚), 𝔓+(𝜐)}} 

= rmin{rmin{[½,½], 𝔓+(𝜚)}, rmin{[½,½], 𝔓+(𝜐)}} 

= rmin{≬(𝔓+)(𝜚), ≬(𝔓+)(𝜐)}, for all 𝜚, 𝜐 in S1. 

And ≬(𝔓+)(𝜚𝜐) = rmin{[½,½], (𝔓+)(𝜚𝜐)} 

 rmin{[½,½], rmin{𝔓+(𝜚), 𝔓+(𝜐)}} 

= rmin{rmin{[½,½], 𝔓+(𝜚)}, rmin{[½,½], 𝔓+(𝜐)}} 

= rmin{≬(𝔓+)(𝜚), ≬(𝔓+)(𝜐)}, for all 𝜚, 𝜐 in S1. 

Also ≬(𝔓−)(𝜚 + 𝜐) = rmax{[−½,−½], 𝔓−(𝜚 + 𝜐)} 

 rmax{[−½,−½], rmax{𝔓−(𝜚), 𝔓−(𝜐)}} 

= rmax{rmax{[−½,−½], 𝔓−(𝜚)}, rmax{[−½,−½], 𝔓−(𝜐)}} 

= rmax{≬(𝔓−)(𝜚), ≬(𝔓−)(𝜐)}, for all 𝜚, 𝜐 in S1. 

And ≬(𝔓−)(𝜚𝜐) = rmax{[−½,−½], 𝔓−(𝜚𝜐)}} 

 rmax{[−½,−½], rmax{𝔓−(𝜚), 𝔓−(𝜐)}} 

= rmax{rmax{[−½,−½], 𝔓−(𝜚)}, rmax{[−½,−½], 𝔓−(𝜐)}} 

= rmax{≬(𝔓−)(𝜚), ≬(𝔓−)(𝜐)}, for all 𝜚, 𝜐 in S1. 

Hence ≬(𝔓) is a 𝔹𝕍𝐼𝔽𝕊𝕊ℝ of S1. 

Corollary 2.5. If 𝔓 = 𝔓+, 𝔓− and 𝔚 =  𝔚+, 𝔚− are 𝔹𝕍𝐼𝔽𝕊𝕊ℝ𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑒𝑚𝑖 − 𝑟𝑖𝑛𝑔 S1, then ≬(𝔓 ∩ 𝔚) is 

a 𝔹𝕍𝐼𝔽𝕊𝕊ℝ of S1. 

Proof. From the Theorem 2.1 and 2.4, it is trivial. 

Corollary 2.6. If 𝔓 = 𝔓+, 𝔓− and 𝔚 =  𝔚+, 𝔚− are 𝔹𝕍𝐼𝔽𝕊𝕊ℝ𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑒𝑚𝑖 − 𝑟𝑖𝑛𝑔𝑠 S1and S2, then ≬ 𝔓 ∩

≬ 𝔚 is a 𝔹𝕍𝐼𝔽𝕊𝕊ℝ of S1 ∩ S2. 

Proof. From the Theorem 2.1 and 2.4, it is trivial. 

Corollary 2.7. If 𝔓 = 𝔓+, 𝔓− and 𝔚 =  𝔚+, 𝔚− are 𝔹𝕍𝐼𝔽𝕊𝕊ℝ𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑒𝑚𝑖 − 𝑟𝑖𝑛𝑔𝑠 S1, then ≬ 𝔓 ∩≬ 𝔚 is 

a 𝔹𝕍𝐼𝔽𝕊𝕊ℝ of S1. 

Proof. From the Corollary 2.6, it is trivial. 

Theorem 2.8. 𝐼𝑓 𝔓1 =  𝔓1
+, 𝔓1

−, 𝔓2 =  𝔓2
+, 𝔓2

−, … , 𝔓𝑚 =  𝔓𝑚
+ , 𝔓𝑚

−  𝑎𝑟𝑒 𝔹𝕍𝐼𝔽𝕊𝕊ℝs of the semi −

rings S1, S2, … , Sm respectively, then ≬ (𝔓1 ∩ 𝔓2 ∩ … ∩ 𝔓𝑚) is a 𝔹𝕍𝐼𝔽𝕊𝕊ℝ of the semi − ring S1 ∩ S2 ∩ … ∩ Sm. 

Proof. 𝐹𝑟𝑜𝑚 𝑡ℎ𝑒 𝑇ℎ𝑒𝑜𝑟𝑒𝑚 2.2 𝑎𝑛𝑑 2.4, 𝑡ℎ𝑒 𝑝𝑟𝑜𝑜𝑓 𝑖𝑠 𝑡𝑟𝑖𝑣𝑖𝑎𝑙. 

Corollary 2.9. 𝐼𝑓 𝔓1 =  𝔓1
+, 𝔓1

−, 𝔓2 =  𝔓2
+, 𝔓2

−, … , 𝔓𝑚 =  𝔓𝑚
+ , 𝔓𝑚

−   𝑎𝑟𝑒 𝔹𝕍𝐼𝔽𝕊𝕊ℝs of the semi −

rings S1, S2, … , Sm respectively, then ≬ 𝔓1 ∩≬ 𝔓2 ∩ … ∩≬ 𝔓𝑚 is a 𝔹𝕍𝐼𝔽𝕊𝕊ℝ of the semi − ring S1 ∩ S2 ∩ … ∩ Sm. 

Proof. 𝐹𝑟𝑜𝑚 𝑡ℎ𝑒 𝑇ℎ𝑒𝑜𝑟𝑒𝑚 2.2 𝑎𝑛𝑑 2.4, 𝑡ℎ𝑒 𝑝𝑟𝑜𝑜𝑓 𝑖𝑠 𝑡𝑟𝑖𝑣𝑖𝑎𝑙. 

Corollary 2.10. 𝐼𝑓 𝔓1 =  𝔓1
+, 𝔓1

−, 𝔓2 =  𝔓2
+, 𝔓2

−, … , 𝔓𝑚 =  𝔓𝑚
+ , 𝔓𝑚

−  are 𝔹𝕍𝐼𝔽𝕊𝕊ℝs of the semi −

ring S1, then ≬ (𝔓1 ∩ 𝔓2 ∩ … ∩ 𝔓𝑚) is a 𝔹𝕍𝐼𝔽𝕊𝕊ℝ 𝑜𝑓 the semi − ring S1. 

Proof. 𝐹𝑟𝑜𝑚 𝑡ℎ𝑒 𝑇ℎ𝑒𝑜𝑟𝑒𝑚 2.2 𝑎𝑛𝑑 2.4, 𝑡ℎ𝑒 𝑝𝑟𝑜𝑜𝑓 𝑖𝑠 𝑡𝑟𝑖𝑣𝑖𝑎𝑙. 

Corollary 2.11. 𝐼𝑓 𝔓1 =  𝔓1
+, 𝔓1

−, 𝔓2 =  𝔓2
+, 𝔓2

−, … , 𝔓𝑚 =  𝔓𝑚
+ , 𝔓𝑚

−  𝑎𝑟𝑒 𝔹𝕍𝐼𝔽𝕊𝕊ℝs of the semi −

ring S1, then ≬ 𝔓1 ∩≬ 𝔓2 ∩ … ∩≬ 𝔓𝑚 is a 𝔹𝕍𝐼𝔽𝕊𝕊ℝ of the semi − ring S1. 

Proof. 𝐹𝑟𝑜𝑚 𝑡ℎ𝑒 𝑇ℎ𝑒𝑜𝑟𝑒𝑚 2.2 𝑎𝑛𝑑 2.4, 𝑡ℎ𝑒 𝑝𝑟𝑜𝑜𝑓 𝑖𝑠 𝑡𝑟𝑖𝑣𝑖𝑎𝑙. 
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Theorem 2.12. If 𝔓 =  𝔓+, 𝔓− is a 𝔹𝕍𝐼𝔽𝕊𝕊ℝ 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑒𝑚𝑖 − 𝑟𝑖𝑛𝑔 S1, then                 ⋈(𝔓) =  ⋈(𝔓+), 

⋈(𝔓−) is a 𝔹𝕍𝐼𝔽𝕊𝕊ℝ of S1. 

Proof. Let 𝜚, 𝜐 be in S1.Then, 

⋈(𝔓+)(𝜚+𝜐) = rmax{[½,½], 𝔓+(𝜚+𝜐)} 

 rmax{[½,½], rmin{𝔓+(𝜚), 𝔓+(𝜐)}} 

= rmin{rmax{[½,½], 𝔓+(𝜚)}, rmax{[½,½], 𝔓+(𝜐)}} 

= rmin{⋈(𝔓+)(𝜚), ⋈(𝔓+)(𝜐)}, for all 𝜚, 𝜐 in S1. 

And ⋈(𝔓+)(𝜚𝜐) = rmax{[½,½], (𝔓+)(𝜚𝜐)} 

 rmax{[½,½], rmin{𝔓+(𝜚), 𝔓+(𝜐)}} 

= rmin{rmax{[½,½], 𝔓+(𝜚)}, rmax{[½,½], 𝔓+(𝜐)}} 

= rmin{⋈(𝔓+)(𝜚), ⋈(𝔓+)(𝜐)}, for all 𝜚, 𝜐 in S1. 

Also ⋈(𝔓−)(𝜚 + 𝜐) = rmin{[−½,−½], 𝔓−(𝜚 + 𝜐)} 

 rmin{[−½,−½], rmax{𝔓−(𝜚), 𝔓−(𝜐)}} 

= rmax{rmin{[−½,−½], 𝔓−(𝜚)}, rmin{[−½,−½], 𝔓−(𝜐)}} 

= rmax{⋈(𝔓−)(𝜚), ⋈(𝔓−)(𝜐)}, for all 𝜚, 𝜐 in S1. 

And ⋈(𝔓−)(𝜚𝜐) = rmin{[−½,−½], 𝔓−(𝜚𝜐)}} 

 rmin{[−½,−½], rmax{𝔓−(𝜚), 𝔓−(𝜐)}} 

= rmax{rmin{[−½,−½], 𝔓−(𝜚)}, rmin{[−½,−½], 𝔓−(𝜐)}} 

= rmax{⋈(𝔓−)(𝜚), ⋈(𝔓−)(𝜐)}, for all 𝜚, 𝜐 in S1. 

Hence ⋈(𝔓) is a 𝔹𝕍𝐼𝔽𝕊𝕊ℝ of S1. 

Corollary 2.13. If 𝔓 =  𝔓+, 𝔓− and 𝔚 =  𝔚+, 𝔚− are 𝔹𝕍𝐼𝔽𝕊𝕊ℝ𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑒𝑚𝑖 − 𝑟𝑖𝑛𝑔 S1, then ⋈(𝔓 ∩ 𝔚) 

is a 𝔹𝕍𝐼𝔽𝕊𝕊ℝ of S1. 

Proof. From the Theorem 2.1 and 2.12, it is trivial. 

Corollary 2.14. If 𝔓 =  𝔓+, 𝔓− and 𝔚 =  𝔚+, 𝔚− are 𝔹𝕍𝐼𝔽𝕊𝕊ℝ𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑒𝑚𝑖 − 𝑟𝑖𝑛𝑔𝑠 S1and S2, then ⋈

𝔓 ∩⋈ 𝔚 is a 𝔹𝕍𝐼𝔽𝕊𝕊ℝ of S1 ∩ S2. 

Proof. From the Theorem 2.1 and 2.12, it is trivial. 

Corollary 2.15. If 𝔓 =  𝔓+, 𝔓− and 𝔚 =  𝔚+, 𝔚− are 𝔹𝕍𝐼𝔽𝕊𝕊ℝ𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑒𝑚𝑖 − 𝑟𝑖𝑛𝑔𝑠 S1, then ⋈ 𝔓 ∩⋈

𝔚 is a 𝔹𝕍𝐼𝔽𝕊𝕊ℝ of S1. 

Proof. From the Corollary 2.14, it is trivial. 

Theorem 2.16. 𝐼𝑓 𝔓1 =  𝔓1
+, 𝔓1

−, 𝔓2 =  𝔓2
+, 𝔓2

−, … , 𝔓𝑚 =  𝔓𝑚
+ , 𝔓𝑚

−  𝑎𝑟𝑒 𝔹𝕍𝐼𝔽𝕊𝕊ℝs of the semi −

rings S1, S2, … , Sm respectively, then ⋈ (𝔓1 ∩ 𝔓2 ∩ … ∩ 𝔓𝑚) is a 𝔹𝕍𝐼𝔽𝕊𝕊ℝ of the semi − ring S1 ∩ S2 ∩ … ∩ Sm. 

Proof. 𝐹𝑟𝑜𝑚 𝑡ℎ𝑒 𝑇ℎ𝑒𝑜𝑟𝑒𝑚 2.2 𝑎𝑛𝑑 2.12, 𝑡ℎ𝑒 𝑝𝑟𝑜𝑜𝑓 𝑖𝑠 𝑡𝑟𝑖𝑣𝑖𝑎𝑙. 

Corollary 2.17. 𝐼𝑓 𝔓1 =  𝔓1
+, 𝔓1

−, 𝔓2 =  𝔓2
+, 𝔓2

−, … , 𝔓𝑚 =  𝔓𝑚
+ , 𝔓𝑚

−  𝑎𝑟𝑒 𝔹𝕍𝐼𝔽𝕊𝕊ℝs of the semi −

rings S1, S2, … , Sm respectively, then ⋈ 𝔓1 ∩⋈ 𝔓2 ∩ … ∩⋈ 𝔓𝑚 is a 𝔹𝕍𝐼𝔽𝕊𝕊ℝ of the semi − ring S1 ∩ S2 ∩ … ∩ Sm. 

Proof. 𝐹𝑟𝑜𝑚 𝑡ℎ𝑒 𝑇ℎ𝑒𝑜𝑟𝑒𝑚 2.2 𝑎𝑛𝑑 2.12, 𝑡ℎ𝑒 𝑝𝑟𝑜𝑜𝑓 𝑖𝑠 𝑡𝑟𝑖𝑣𝑖𝑎𝑙. 

Corollary 2.18. 𝐼𝑓 𝔓1 =  𝔓1
+, 𝔓1

−, 𝔓2 =  𝔓2
+, 𝔓2

−, … , 𝔓𝑚 =  𝔓𝑚
+ , 𝔓𝑚

−  are 𝔹𝕍𝐼𝔽𝕊𝕊ℝs of the semi −

ring S1, then ⋈ (𝔓1 ∩ 𝔓2 ∩ … ∩ 𝔓𝑚) is a 𝔹𝕍𝐼𝔽𝕊𝕊ℝ 𝑜𝑓 the semi − ring S1. 

Proof. 𝐹𝑟𝑜𝑚 𝑡ℎ𝑒 𝑇ℎ𝑒𝑜𝑟𝑒𝑚 2.2 𝑎𝑛𝑑 2.12, 𝑡ℎ𝑒 𝑝𝑟𝑜𝑜𝑓 𝑖𝑠 𝑡𝑟𝑖𝑣𝑖𝑎𝑙. 

Corollary 2.19. 𝐼𝑓 𝔓1 =  𝔓1
+, 𝔓1

−, 𝔓2 =  𝔓2
+, 𝔓2

−, … , 𝔓𝑚 =  𝔓𝑚
+ , 𝔓𝑚

−  𝑎𝑟𝑒 𝔹𝕍𝐼𝔽𝕊𝕊ℝs of the semi −

ring S1, then ⋈ 𝔓1 ∩⋈ 𝔓2 ∩ … ∩⋈ 𝔓𝑚 is a 𝔹𝕍𝐼𝔽𝕊𝕊ℝ of the semi − ring S1. 

Proof. 𝐹𝑟𝑜𝑚 𝑡ℎ𝑒 𝑇ℎ𝑒𝑜𝑟𝑒𝑚 2.2 𝑎𝑛𝑑 2.12, 𝑡ℎ𝑒 𝑝𝑟𝑜𝑜𝑓 𝑖𝑠 𝑡𝑟𝑖𝑣𝑖𝑎𝑙. 

Theorem 2.20. If 𝔓 =  𝔓+, 𝔓− is a 𝔹𝕍𝐼𝔽𝕊𝕊ℝ 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑒𝑚𝑖 − 𝑟𝑖𝑛𝑔 S1, then                   𝔔(𝜛,𝜍)(𝔓) =  

𝔔(𝜛,𝜍)(𝔓
+), 𝔔(𝜛,𝜍)(𝔓

−) is a 𝔹𝕍𝐼𝔽𝕊𝕊ℝ of S1, where 𝜛 ∈ 𝐷[0, 1] and 𝜍 ∈ 𝐷[−1, 0]. 

Proof. Let 𝜚, 𝜐 be in S1, 𝜛 ∈ 𝐷[0, 1] and 𝜍 ∈ 𝐷[−1, 0]. Then, 

𝔔(𝜛,𝜍)(𝔓
+)(𝜚+𝜐) = rmin{𝜛, 𝔓+(𝜚+𝜐)} 

 rmin{𝜛, rmin{𝔓+(𝜚), 𝔓+(𝜐)}} 

= rmin{rmin{𝜛, 𝔓+(𝜚)}, rmin{𝜛, 𝔓+(𝜐)}} 
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= rmin{𝔔(𝜛,𝜍)(𝔓
+)(𝜚), 𝔔(𝜛,𝜍)(𝔓

+)(𝜐)}, for all 𝜚, 𝜐 in S1. 

And 𝔔(𝜛,𝜍)(𝔓
+)(𝜚𝜐) = rmin{𝜛, (𝔓+)(𝜚𝜐)} 

 rmin{𝜛, rmin{𝔓+(𝜚), 𝔓+(𝜐)}} 

= rmin{rmin{𝜛, 𝔓+(𝜚)}, rmin{𝜛, 𝔓+(𝜐)}} 

= rmin{𝔔(𝜛,𝜍)(𝔓
+)(𝜚), 𝔔(𝜛,𝜍)(𝔓

+)(𝜐)}, for all 𝜚, 𝜐 in S1. 

Also 𝔔(𝜛,𝜍)(𝔓
−)(𝜚 + 𝜐) = rmax{𝜍, 𝔓−(𝜚 + 𝜐)} 

 rmax{𝜍, rmax{𝔓−(𝜚), 𝔓−(𝜐)}} 

= rmax{rmax{𝜍, 𝔓−(𝜚)}, rmax{𝜍, 𝔓−(𝜐)}} 

= rmax{𝔔(𝜛,𝜍)(𝔓
−)(𝜚), 𝔔(𝜛,𝜍)(𝔓

−)(𝜐)}, for all 𝜚, 𝜐 in S1. 

And 𝔔(𝜛,𝜍)(𝔓
−)(𝜚𝜐) = rmax{𝜍, 𝔓−(𝜚𝜐)}} 

 rmax{𝜍, rmax{𝔓−(𝜚), 𝔓−(𝜐)}} 

= rmax{rmax{𝜍, 𝔓−(𝜚)}, rmax{𝜍, 𝔓−(𝜐)}} 

= rmax{𝔔(𝜛,𝜍)(𝔓
−)(𝜚), 𝔔(𝜛,𝜍)(𝔓

−)(𝜐)}, for all 𝜚, 𝜐 in S1. 

Hence 𝔔(𝜛,𝜍)(𝔓) is a 𝔹𝕍𝐼𝔽𝕊𝕊ℝ of S1. 

Corollary 2.21. If 𝔓 =  𝔓+, 𝔓− and 𝔚 =  𝔚+, 𝔚− are 𝔹𝕍𝐼𝔽𝕊𝕊ℝ𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑒𝑚𝑖 − 𝑟𝑖𝑛𝑔 S1, then 𝔔(𝜛,𝜍)(𝔓 ∩

𝔚) is a 𝔹𝕍𝐼𝔽𝕊𝕊ℝ of S1. 

Proof. From the Theorem 2.1 and 2.20, it is trivial. 

Corollary 2.22. If 𝔓 =  𝔓+, 𝔓− and 𝔚 =  𝔚+, 𝔚− are 𝔹𝕍𝐼𝔽𝕊𝕊ℝ𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑒𝑚𝑖 − 𝑟𝑖𝑛𝑔𝑠 S1and S2, then 

𝔔(𝜛,𝜍)(𝔓) ∩ 𝔔(𝜛,𝜍)(𝔚) is a 𝔹𝕍𝐼𝔽𝕊𝕊ℝ of S1 ∩ S2. 

Proof. From the Theorem 2.1 and 2.20, it is trivial. 

Corollary 2.23. If 𝔓 =  𝔓+, 𝔓− and 𝔚 =  𝔚+, 𝔚− are 𝔹𝕍𝐼𝔽𝕊𝕊ℝ𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑒𝑚𝑖 − 𝑟𝑖𝑛𝑔𝑠 S1, then 

𝔔(𝜛,𝜍)(𝔓) ∩ 𝔔(𝜛,𝜍)(𝔚) is a 𝔹𝕍𝐼𝔽𝕊𝕊ℝ of S1. 

Proof. From the Corollary 2.22, it is trivial. 

Theorem 2.24. 𝐼𝑓 𝔓1 =  𝔓1
+, 𝔓1

−, 𝔓2 =  𝔓2
+, 𝔓2

−, … , 𝔓𝑚 =  𝔓𝑚
+ , 𝔓𝑚

−  𝑎𝑟𝑒 𝔹𝕍𝐼𝔽𝕊𝕊ℝs of the semi −

rings S1, S2, … , Sm respectively, then 𝔔(𝜛,𝜍)(𝔓1 ∩ 𝔓2 ∩ … ∩ 𝔓𝑚) is a 𝔹𝕍𝐼𝔽𝕊𝕊ℝ of the semi − ring S1 ∩ S2 ∩ … ∩

Sm. 

Proof. 𝐹𝑟𝑜𝑚 𝑡ℎ𝑒 𝑇ℎ𝑒𝑜𝑟𝑒𝑚 2.2 𝑎𝑛𝑑 2.20, 𝑡ℎ𝑒 𝑝𝑟𝑜𝑜𝑓 𝑖𝑠 𝑡𝑟𝑖𝑣𝑖𝑎𝑙. 

Corollary 2.25. 𝐼𝑓 𝔓1 =  𝔓1
+, 𝔓1

−, 𝔓2 =  𝔓2
+, 𝔓2

−, … , 𝔓𝑚 =  𝔓𝑚
+ , 𝔓𝑚

−  𝑎𝑟𝑒 𝔹𝕍𝐼𝔽𝕊𝕊ℝs of the semi −

rings S1, S2, … , Sm respectively, then 𝔔(𝜛,𝜍)(𝔓1) ∩ 𝔔(𝜛,𝜍)(𝔓2) ∩ … ∩ 𝔔(𝜛,𝜍)(𝔓𝑚) is a 𝔹𝕍𝐼𝔽𝕊𝕊ℝ of the semi −

ring S1 ∩ S2 ∩ … ∩ Sm. 

Proof. 𝐹𝑟𝑜𝑚 𝑡ℎ𝑒 𝑇ℎ𝑒𝑜𝑟𝑒𝑚 2.2 𝑎𝑛𝑑 2.20, 𝑡ℎ𝑒 𝑝𝑟𝑜𝑜𝑓 𝑖𝑠 𝑡𝑟𝑖𝑣𝑖𝑎𝑙. 

Corollary 2.26. 𝐼𝑓 𝔓1 =  𝔓1
+, 𝔓1

−, 𝔓2 =  𝔓2
+, 𝔓2

−, … , 𝔓𝑚 =  𝔓𝑚
+ , 𝔓𝑚

−  𝑎𝑟𝑒 𝔹𝕍𝐼𝔽𝕊𝕊ℝs of the semi −

ring S1, then 𝔔(𝜛,𝜍)(𝔓1 ∩ 𝔓2 ∩ … ∩ 𝔓𝑚) is a 𝔹𝕍𝐼𝔽𝕊𝕊ℝ 𝑜𝑓 the semi − ring S1. 

Proof. 𝐹𝑟𝑜𝑚 𝑡ℎ𝑒 𝑇ℎ𝑒𝑜𝑟𝑒𝑚 2.2 𝑎𝑛𝑑 2.20, 𝑡ℎ𝑒 𝑝𝑟𝑜𝑜𝑓 𝑖𝑠 𝑡𝑟𝑖𝑣𝑖𝑎𝑙. 

Corollary 2.27. 𝐼𝑓 𝔓1 =  𝔓1
+, 𝔓1

−, 𝔓2 =  𝔓2
+, 𝔓2

−, … , 𝔓𝑚 =  𝔓𝑚
+ , 𝔓𝑚

−  𝑎𝑟𝑒 𝔹𝕍𝐼𝔽𝕊𝕊ℝs of the semi −

ring S1, then 𝔔(𝜛,𝜍)(𝔓1) ∩ 𝔔(𝜛,𝜍)(𝔓2) ∩ … ∩ 𝔔(𝜛,𝜍)(𝔓𝑚) is a 𝔹𝕍𝐼𝔽𝕊𝕊ℝ of the semi − ring S1. 

Proof. 𝐹𝑟𝑜𝑚 𝑡ℎ𝑒 𝑇ℎ𝑒𝑜𝑟𝑒𝑚 2.2 𝑎𝑛𝑑 2.20, 𝑡ℎ𝑒 𝑝𝑟𝑜𝑜𝑓 𝑖𝑠 𝑡𝑟𝑖𝑣𝑖𝑎𝑙. 

Theorem 2.28 If 𝔓 =  𝔓+, 𝔓− is a 𝔹𝕍𝐼𝔽𝕊𝕊ℝ 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑒𝑚𝑖 − 𝑟𝑖𝑛𝑔 S1, then                 ℜ(𝜛,𝜍)(𝔓) = ℜ(𝜛,𝜍)(𝔓
+), 

ℜ(𝜛,𝜍)(𝔓
−) is a 𝔹𝕍𝐼𝔽𝕊𝕊ℝ of S1, where 𝜛 ∈ 𝐷[0, 1] and 𝜍 ∈ 𝐷[−1, 0]. 

Proof. Let 𝜚, 𝜐 be in S1, 𝜛 ∈ 𝐷[0, 1] and 𝜍 ∈ 𝐷[−1, 0]. Then, 

ℜ(𝜛,𝜍)(𝔓
+)(𝜚 + 𝜐) = rmax{𝜛, 𝔓+(𝜚+𝜐)} 

 rmax{𝜛, rmin{𝔓+(𝜚), 𝔓+(𝜐)}} 

= rmin{rmax{𝜛, 𝔓+(𝜚)}, rmax{𝜛, 𝔓+(𝜐)}} 

= rmin{ℜ(𝜛,𝜍)(𝔓
+)(𝜚), ℜ(𝜛,𝜍)(𝔓

+)(𝜐)}, for all 𝜚, 𝜐 in S1. 

And ℜ(𝜛,𝜍)(𝔓
+)(𝜚𝜐) = rmax{𝜛, (𝔓+)(𝜚𝜐)} 

 rmax{𝜛, rmin{𝔓+(𝜚), 𝔓+(𝜐)}} 

= rmin{rmax{𝜛, 𝔓+(𝜚)}, rmax{𝜛, 𝔓+(𝜐)}} 
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= rmin{ℜ(𝜛,𝜍)(𝔓
+)(𝜚), ℜ(𝜛,𝜍)(𝔓

+)(𝜐)}, for all 𝜚, 𝜐 in S1. 

Also ℜ(𝜛,𝜍)(𝔓
−)(𝜚 + 𝜐) = rmin{𝜍, 𝔓−(𝜚 + 𝜐)} 

 rmin{𝜍, rmax{𝔓−(𝜚), 𝔓−(𝜐)}} 

= rmax{rmin{𝜍, 𝔓−(𝜚)}, rmin{𝜍, 𝔓−(𝜐)}} 

= rmax{ℜ(𝜛,𝜍)(𝔓
−)(𝜚), ℜ(𝜛,𝜍)(𝔓

−)(𝜐)}, for all 𝜚, 𝜐 in S1. 

And ℜ(𝜛,𝜍)(𝔓
−)(𝜚𝜐) = rmin{𝜍, 𝔓−(𝜚𝜐)}} 

 rmin{𝜍, rmax{𝔓−(𝜚), 𝔓−(𝜐)}} 

= rmax{rmin{𝜍, 𝔓−(𝜚)}, rmin{𝜍, 𝔓−(𝜐)}} 

= rmax{ℜ(𝜛,𝜍)(𝔓
−)(𝜚), ℜ(𝜛,𝜍)(𝔓

−)(𝜐)}, for all 𝜚, 𝜐 in S1. 

Hence ℜ(𝜛,𝜍)(𝔓) is a 𝔹𝕍𝐼𝔽𝕊𝕊ℝ of S1. 

Corollary 2.29. If 𝔓 =  𝔓+, 𝔓− and 𝔚 =  𝔚+, 𝔚− are 𝔹𝕍𝐼𝔽𝕊𝕊ℝ𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑒𝑚𝑖 − 𝑟𝑖𝑛𝑔 S1, then ℜ(𝜛,𝜍)(𝔓 ∩

𝔚) is a 𝔹𝕍𝐼𝔽𝕊𝕊ℝ of S1. 

Proof. From the Theorem 2.1 and 2.28, it is trivial. 

Corollary 2.30. If 𝔓 =  𝔓+, 𝔓− and 𝔚 =  𝔚+, 𝔚− are 𝔹𝕍𝐼𝔽𝕊𝕊ℝ𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑒𝑚𝑖 − 𝑟𝑖𝑛𝑔𝑠 S1and S2, then 

ℜ(𝜛,𝜍)(𝔓) ∩ ℜ(𝜛,𝜍)(𝔚) is a 𝔹𝕍𝐼𝔽𝕊𝕊ℝ of S1 ∩ S2. 

Proof. From the Theorem 2.1 and 2.28, it is trivial. 

Corollary 2.31. If 𝔓 =  𝔓+, 𝔓− and 𝔚 =  𝔚+, 𝔚− are 𝔹𝕍𝐼𝔽𝕊𝕊ℝ𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑒𝑚𝑖 − 𝑟𝑖𝑛𝑔𝑠 S1, then ℜ(𝜛,𝜍)(𝔓) ∩

ℜ(𝜛,𝜍)(𝔚) is a 𝔹𝕍𝐼𝔽𝕊𝕊ℝ of S1. 

Proof. From the Corollary 2.30, it is trivial. 

Theorem 2.32. 𝐼𝑓 𝔓1 =  𝔓1
+, 𝔓1

−, 𝔓2 =  𝔓2
+, 𝔓2

−, … , 𝔓𝑚 =  𝔓𝑚
+ , 𝔓𝑚

−  𝑎𝑟𝑒 𝔹𝕍𝐼𝔽𝕊𝕊ℝs of the semi −

rings S1, S2, … , Sm respectively, then ℜ(𝜛,𝜍)(𝔓1 ∩ 𝔓2 ∩ … ∩ 𝔓𝑚) is a 𝔹𝕍𝐼𝔽𝕊𝕊ℝ of the semi − ring S1 ∩ S2 ∩ … ∩

Sm. 

Proof. 𝐹𝑟𝑜𝑚 𝑡ℎ𝑒 𝑇ℎ𝑒𝑜𝑟𝑒𝑚 2.1.11 𝑎𝑛𝑑 3.1.36, 𝑡ℎ𝑒 𝑝𝑟𝑜𝑜𝑓 𝑖𝑠 𝑡𝑟𝑖𝑣𝑖𝑎𝑙. 

Corollary 2.33. 𝐼𝑓 𝔓1 =  𝔓1
+, 𝔓1

−, 𝔓2 =  𝔓2
+, 𝔓2

−, … , 𝔓𝑚 =  𝔓𝑚
+ , 𝔓𝑚

−  𝑎𝑟𝑒 𝔹𝕍𝐼𝔽𝕊𝕊ℝs of the semi −

rings S1, S2, … , Sm respectively, then ℜ(𝜛,𝜍)(𝔓1) ∩ ℜ(𝜛,𝜍)(𝔓2) ∩ … ∩ ℜ(𝜛,𝜍)(𝔓𝑚) is a 𝔹𝕍𝐼𝔽𝕊𝕊ℝ of the semi −

ring S1 ∩ S2 ∩ … ∩ Sm. 

Proof. 𝐹𝑟𝑜𝑚 𝑡ℎ𝑒 𝑇ℎ𝑒𝑜𝑟𝑒𝑚 2.2 𝑎𝑛𝑑 2.28, 𝑡ℎ𝑒 𝑝𝑟𝑜𝑜𝑓 𝑖𝑠 𝑡𝑟𝑖𝑣𝑖𝑎𝑙. 

Corollary 2.34. 𝐼𝑓 𝔓1 =  𝔓1
+, 𝔓1

−, 𝔓2 =  𝔓2
+, 𝔓2

−, … , 𝔓𝑚 =  𝔓𝑚
+ , 𝔓𝑚

−  𝑎𝑟𝑒 𝔹𝕍𝐼𝔽𝕊𝕊ℝs of the semi −

ring S1, then ℜ(𝜛,𝜍)(𝔓1 ∩ 𝔓2 ∩ … ∩ 𝔓𝑚) is a 𝔹𝕍𝐼𝔽𝕊𝕊ℝ 𝑜𝑓 the semi − ring S1. 

Proof. 𝐹𝑟𝑜𝑚 𝑡ℎ𝑒 𝑇ℎ𝑒𝑜𝑟𝑒𝑚 2.2 𝑎𝑛𝑑 2.28, 𝑡ℎ𝑒 𝑝𝑟𝑜𝑜𝑓 𝑖𝑠 𝑡𝑟𝑖𝑣𝑖𝑎𝑙. 

Corollary 2.35. 𝐼𝑓 𝔓1 =  𝔓1
+, 𝔓1

−, 𝔓2 =  𝔓2
+, 𝔓2

−, … , 𝔓𝑚 =  𝔓𝑚
+ , 𝔓𝑚

−  𝑎𝑟𝑒 𝔹𝕍𝐼𝔽𝕊𝕊ℝs of the semi −

ring S1, then ℜ(𝜛,𝜍)(𝔓1) ∩ ℜ(𝜛,𝜍)(𝔓2) ∩ … ∩ ℜ(𝜛,𝜍)(𝔓𝑚) is a 𝔹𝕍𝐼𝔽𝕊𝕊ℝ of the semi − ring S1. 

Proof. 𝐹𝑟𝑜𝑚 𝑡ℎ𝑒 𝑇ℎ𝑒𝑜𝑟𝑒𝑚 2.2 𝑎𝑛𝑑 2.28, 𝑡ℎ𝑒 𝑝𝑟𝑜𝑜𝑓 𝑖𝑠 𝑡𝑟𝑖𝑣𝑖𝑎𝑙. 

Theorem 2.36. If 𝔓 =  𝔓+, 𝔓− is a 𝔹𝕍𝐼𝔽𝕊𝕊ℝ 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑒𝑚𝑖 − 𝑟𝑖𝑛𝑔 S1, then              𝔖(𝜛,𝜍)(𝔓) =  𝔖(𝜛,𝜍)(𝔓
+), 

𝔖(𝜛,𝜍)(𝔓
−)  is a 𝔹𝕍𝐼𝔽𝕊𝕊ℝ of S1, where 𝜛 ∈ 𝐷[0, 1] and 𝜍 ∈ 𝐷[−1, 0]. 

Proof. Let 𝜚, 𝜐 be in S1, 𝜛 ∈ 𝐷[0, 1] and 𝜍 ∈ 𝐷[−1, 0]. Then, 

𝔖(𝜛,𝜍)(𝔓
+)(𝜚+𝜐) = 𝜛 𝔓+(𝜚+𝜐) 

 𝜛 rmin{𝔓+(𝜚), 𝔓+(𝜐)} 

= rmin{ 𝜛 𝔓+(𝜚), 𝜛 𝔓+(𝜐)} 

= rmin{𝔖(𝜛,𝜍)(𝔓
+)(𝜚), 𝔖(𝜛,𝜍)(𝔓

+)(𝜐)}, for all 𝜚, 𝜐 in S1. 

And 𝔖(𝜛,𝜍)(𝔓
+)(𝜚𝜐) = 𝜛 (𝔓+)(𝜚𝜐) 

 𝜛 rmin{𝔓+(𝜚), 𝔓+(𝜐)} 

= rmin{ 𝜛 𝔓+(𝜚), 𝜛 𝔓+(𝜐)} 

= rmin{𝔖(𝜛,𝜍)(𝔓
+)(𝜚), 𝔖(𝜛,𝜍)(𝔓

+)(𝜐)}, for all 𝜚, 𝜐 in S1. 

Also 𝔖(𝜛,𝜍)(𝔓
−)(𝜚 + 𝜐) = (−𝜍) 𝔓−(𝜚 + 𝜐) 

 (−𝜍) rmax{𝔓−(𝜚), 𝔓−(𝜐)} 

= rmax{(−𝜍)𝔓−(𝜚), (−𝜍)𝔓−(𝜐)} 
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= rmax{𝔖(𝜛,𝜍)(𝔓
−)(𝜚), 𝔖(𝜛,𝜍)(𝔓

−)(𝜐)}, for all 𝜚, 𝜐 in S1. 

And 𝔖(𝜛,𝜍)(𝔓
−)(𝜚𝜐) = (−𝜍) 𝔓−(𝜚𝜐) 

 (−𝜍) rmax{𝔓−(𝜚), 𝔓−(𝜐)} 

= rmax{(−𝜍)𝔓−(𝜚), (−𝜍)𝔓−(𝜐)} 

= rmax{𝔖(𝜛,𝜍)(𝔓
−)(𝜚), 𝔖(𝜛,𝜍)(𝔓

−)(𝜐)}, for all 𝜚, 𝜐 in S1. 

Hence 𝔖(𝜛,𝜍)(𝔓) is a 𝔹𝕍𝐼𝔽𝕊𝕊ℝ of S1. 

Corollary 2.37. If 𝔓 =  𝔓+, 𝔓− and 𝔚 =  𝔚+, 𝔚− are 𝔹𝕍𝐼𝔽𝕊𝕊ℝ𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑒𝑚𝑖 − 𝑟𝑖𝑛𝑔 S1, then 𝔖(𝜛,𝜍)(𝔓 ∩

𝔚) is a 𝔹𝕍𝐼𝔽𝕊𝕊ℝ of S1. 

Proof. From the Theorem 2.1 and 2.36, it is trivial. 

Corollary 2.38. If 𝔓 =  𝔓+, 𝔓− and 𝔚 =  𝔚+, 𝔚− are 𝔹𝕍𝐼𝔽𝕊𝕊ℝ𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑒𝑚𝑖 − 𝑟𝑖𝑛𝑔𝑠 S1and S2, then 

𝔖(𝜛,𝜍)(𝔓) ∩ 𝔖(𝜛,𝜍)(𝔚) is a 𝔹𝕍𝐼𝔽𝕊𝕊ℝ of S1 ∩ S2. 

Proof. From the Theorem 2.1 and 2.36, it is trivial. 

Corollary 2.39. If 𝔓 =  𝔓+, 𝔓− and 𝔚 =  𝔚+, 𝔚− are 𝔹𝕍𝐼𝔽𝕊𝕊ℝ𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑒𝑚𝑖 − 𝑟𝑖𝑛𝑔𝑠 S1, then 𝔖(𝜛,𝜍)(𝔓) ∩

𝔖(𝜛,𝜍)(𝔚) is a 𝔹𝕍𝐼𝔽𝕊𝕊ℝ of S1. 

Proof. From the Corollary 2.38, it is trivial. 

Theorem 2.40. 𝐼𝑓 𝔓1 =  𝔓1
+, 𝔓1

−, 𝔓2 =  𝔓2
+, 𝔓2

−, … , 𝔓𝑚 =  𝔓𝑚
+ , 𝔓𝑚

−  𝑎𝑟𝑒 𝔹𝕍𝐼𝔽𝕊𝕊ℝs of the semi −

rings S1, S2, … , Sm respectively, then 𝔖(𝜛,𝜍)(𝔓1 ∩ 𝔓2 ∩ … ∩ 𝔓𝑚) is a 𝔹𝕍𝐼𝔽𝕊𝕊ℝ of the semi − ring S1 ∩ S2 ∩ … ∩

Sm. 

Proof. 𝐹𝑟𝑜𝑚 𝑡ℎ𝑒 𝑇ℎ𝑒𝑜𝑟𝑒𝑚 2.2 𝑎𝑛𝑑 2.36, 𝑡ℎ𝑒 𝑝𝑟𝑜𝑜𝑓 𝑖𝑠 𝑡𝑟𝑖𝑣𝑖𝑎𝑙. 

Corollary 2.41. 𝐼𝑓 𝔓1 =  𝔓1
+, 𝔓1

−, 𝔓2 =  𝔓2
+, 𝔓2

−, … , 𝔓𝑚 =  𝔓𝑚
+ , 𝔓𝑚

−  𝑎𝑟𝑒 𝔹𝕍𝐼𝔽𝕊𝕊ℝs of the semi −

rings S1, S2, … , Sm respectively, then 𝔖(𝜛,𝜍)(𝔓1) ∩ 𝔖(𝜛,𝜍)(𝔓2) ∩ … ∩ 𝔖(𝜛,𝜍)(𝔓𝑚) is a 𝔹𝕍𝐼𝔽𝕊𝕊ℝ of the semi −

ring S1 ∩ S2 ∩ … ∩ Sm. 

Proof. 𝐹𝑟𝑜𝑚 𝑡ℎ𝑒 𝑇ℎ𝑒𝑜𝑟𝑒𝑚 2.2 𝑎𝑛𝑑 2.36, 𝑡ℎ𝑒 𝑝𝑟𝑜𝑜𝑓 𝑖𝑠 𝑡𝑟𝑖𝑣𝑖𝑎𝑙. 

Corollary 2.42. 𝐼𝑓 𝔓1 =  𝔓1
+, 𝔓1

−, 𝔓2 =  𝔓2
+, 𝔓2

−, … , 𝔓𝑚 =  𝔓𝑚
+ , 𝔓𝑚

−  𝑎𝑟𝑒 𝔹𝕍𝐼𝔽𝕊𝕊ℝs of the semi −

ring S1, then 𝔖(𝜛,𝜍)(𝔓1 ∩ 𝔓2 ∩ … ∩ 𝔓𝑚) is a 𝔹𝕍𝐼𝔽𝕊𝕊ℝ 𝑜𝑓 the semi − ring S1. 

Proof. 𝐹𝑟𝑜𝑚 𝑡ℎ𝑒 𝑇ℎ𝑒𝑜𝑟𝑒𝑚 2.2 𝑎𝑛𝑑 2.36, 𝑡ℎ𝑒 𝑝𝑟𝑜𝑜𝑓 𝑖𝑠 𝑡𝑟𝑖𝑣𝑖𝑎𝑙. 

Corollary 2.43. 𝐼𝑓 𝔓1 =  𝔓1
+, 𝔓1

−, 𝔓2 =  𝔓2
+, 𝔓2

−, … , 𝔓𝑚 =  𝔓𝑚
+ , 𝔓𝑚

−  𝑎𝑟𝑒 𝔹𝕍𝐼𝔽𝕊𝕊ℝs of the semi −

ring S1, then 𝔖(𝜛,𝜍)(𝔓1) ∩ 𝔖(𝜛,𝜍)(𝔓2) ∩ … ∩ 𝔖(𝜛,𝜍)(𝔓𝑚) is a 𝔹𝕍𝐼𝔽𝕊𝕊ℝ of the semi − ring S1. 

Proof. 𝐹𝑟𝑜𝑚 𝑡ℎ𝑒 𝑇ℎ𝑒𝑜𝑟𝑒𝑚 2.2 𝑎𝑛𝑑 2.36, 𝑡ℎ𝑒 𝑝𝑟𝑜𝑜𝑓 𝑖𝑠 𝑡𝑟𝑖𝑣𝑖𝑎𝑙. 

 

CONCLUSION 

Properties of transformations of 𝔹𝕍𝐼𝔽𝕊𝕊ℝ of a semi-ring have been discussed. The above concepts 

can be extended into bipolar interval valued multi fuzzy subsemi-ring of a semi-ring, bipolar interval 

valued multi fuzzy subspace of a linear space and any other algebraic system. 
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