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INTRODUCTION

The study of fixed point theory, some of the generalizations of metric space are 2-metric space, D-metric
space, D*-metric space, G-metric space, S-metric space, Rectangular metric or metric-like space, Partial
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metric space, Cone metric space, etc. 1989, I.A.Bakhtin[2] introduced the concept of b-metric space. Due
to the introduction of b-metric space, many generalizations of metric spaces came into existence. Recently
M.Abbas, B.Ali and Y.l.Suleiman [1] introduced the concept of n-tuple metric space and studied its
topological properties. M.Ughade, D.Turkoglu, S. R. Singh and R. D. Daheriya [9] introduced the notion
of A, -metric spaces as a generalized form of n-tuple metric space. Subsequently N.Mlaiki and Y.Rohen
[5] obtained unique coupled common fixed point theorems in partially ordered Ay -metric spaces.

The aim of this paper is to develop unique tripled fixed point theorem and to generalize the notion of
mixed weakly monotone property. We prove some unique tripled common fixed point theorems in
partially ordered A, -metric space.Before going to prove the main result, we need some basic definitions,
results and examples from the literature.

PRELIMINARIES

Definition 2.1. [1].Let X be a non empty set and n > 2. A function : X™ — [0,0) is called an A -
metricon X, if forany &;, a € X,i = 1,2....n, the following conditions hold.

() A1, 62,1 $n-1,$n) = 0,88

(i) A€y, &, ..., &1, &) = Oifandonlyif & =& =...= §_1= &,

(iii) A& b1 ) b [A (8060 81y @) + A (8280 2y @) F o5 et
A& Enre s Eno1gyy @) + A (GG Engy @)

The pair (X, A) is called an A-metric space.

Definition 2.2 . [3]. Let X be a non empty set .A b-metric on X is a function d : X? - [0,0) such that
the following conditions hold for allx,y,z € X.

Mdx,y)=0iffx=y

(i) d(x,y) = d(y,x)

(iii)there exists s = 1such thatd(x,z) < s[d(x,y) + d(y,z)]
The pair (X, d) is called a b-metric space.

Definition 2.3. [7].Let X be a non empty set and n > 2. Suppose b > 1 is a real number. A function 4, :
X" = [0,) is called an A, - metric on X, if for any ¢;,a € X,i = 1,2....n, the following conditions
hold.

(1) Ap(§1, 82, ¢n-1,$n) = 0,
(i) Ap(§1, 82, -, €n—1,6n) = Olifandonly if & =&, = ... = &, 1= &,

(i) Ay(EL s én &) < b [A,, (51,51, ...,El(n_l),a) + A4, (52,52, ...,fz(n_l),a) For
Ay (v Enmte s Enctipny @) + Ab (En gy @)
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The pair (X, Ap) is called an A,-metric space.

Note: A,-metric space is more general than A-metric space. Moreover A-metric space is a special case of A,-metric
space with b=1. b-metric space and S,-metric space are also special cases of A,-metric space with n=2 and 3,
respectively. Ordinary metric space and S-metric space are also special cases of A,-metric space with b=1 and
respective values of n as 2 and 3.

Lemma 2.4. [9]. Let (X, 4,) be A, -metric space, so that A;: X™ — [0,) for somse n = 2. Then
Ay (FH5 VY < bA, (P72 XY forallx,y € X.
Lemma 2.5. [9]. Let (X,4,) be A, -metric space, so that A,: X" — [0,0) for some n > 2. Then

n—1times i

Lemma 2.6. [9]. Let (X,4,) be A, -metric space. Then (X2, D,) is A, -metric space on X x X with D,

defined by D, ((£1,91), (62,92),...(¢n,9n)) = Ap(&1,&a) .-, En1, En)+Ap (91,92, ..., Oy, 9y), for all
&, 9 €X,i,j =1,2,...n

Definition 2.7. (X, A,) be Aj, -metric space. A sequence {&,} in X is said to converge to a point x € X, if
Ab(fk'fk'gk """ Sk x) — 0 ask — o, That is, to each ¢ = 0 there exist N € N such that for all k > N, we

n—1times .

have A, (Sk8kék--4l Xy < & and we write lim & = x.

Lemma 2.8. [5]. Let (X, A4,) be A, -metric space.If the sequence {&, }inX converges to a point x, then the
limit x is unique.

Definition 2.9. Let (X,A,) be A, -metric space. A sequence {¢,}inX is called a Cauchy sequence, if

A, (E’;{f’;‘i’;ﬁi"' fm) — 0 ask,m - . That is, to each & > 0, there exists N € N such that for all k,m >

N, we have Ab(fk'fk'f" """ St S;’”) <e.

n—1times

Lemma 2.10. [5]. convergent sequence in a A,-metric space is a Cauchy sequence.
Definition 2.11. A A,-metric space (X, A,) is said to be complete, if every Cauchy sequence in X is
convergent.

Definition 2.12. Let (X, <)be a partially ordered set and
F : X3 - Xbe mappings. We say that F has the mixed monotone property on X ,if forany x,y,z € X
X1,%, € X, %1 S % = F(x1y,2) < F(x,Y,2),
Y1.Y2 € X, y1 Sy, = F(x,01,2) 2 F(x,5,,2)

Definition 2.13. Let f,g: X3 — X be mappings.

An element (i) (x,y,z) is called a tripled fixed pint of f, if x = f(x,y,2),y = f(y,%,2),z = f(z,y,%)

An element (ii) (x,y,z) € X3is said to be a common tripled fixed pint of fand g, if x = f(x,y,z) = g(x,y,2),y =
fly,x,z) = g(y,x2),z = f(z,y,x) = g(zy,%)

Note: (x,y,z) is said to be a ftripled coincident point of f And g, if f(x,y,2) = g(x,y,2),f(y,x,2) =
8(v.x,2),f(z,y,x) = g(z,y,x)

We observe that a common tripled fixed pint of f and g is necessarily a tripled coincidence point of f andg
MAIN RESULTS

Before going to the main results we introduce the notion of cross product D = A, X A, X Apand study its
properties.
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Suppose (X < A) is a partially ordered complete A,-metric space.

Define the partial order"< “on X x X x X as follows .

x,v,2) < (wy,w)ifx <u,y =2vandz <w for(x,y,2),(u,v,w) € X
then " < "is a partial order on X x X X X.

Letn > 2 be a positive integer,

Define D: (X X X x X )™ - [0,) as follows

D ((x1,3’1,Z1,)' (xz,J’z,Zz,) ...... (xn,yn‘zn,)) = A(xll,le .xn‘) + A(yl‘,yz‘ s yn,) + A(zl,, Zy e zn,)
Then from lemma 2.11, (X X X X X, <, D) is a A,-metric space.
Now observe the following:
(1)A sequence {(xg, Vi, Z)HN X X X X X - (x,y,2) © {x,} > x, {y} > yvand {z,} > z
Suppose that{(x, Vi, z )} INX X X XX - (x,y,2)
That is, D((Xk, Yk Zi)» Ko Vi Zi) +-- v Xk Vo Zk),(XY,2))= 0 as k - o
= A(Xy, Xy oo Xp, X) + Ak, Vi oo Vi V) + A2k, 2y, oo - 23, 2) = 0 ask - ©
= A(xy, Xgy - X, X) = 0 as kk = 0, AV, Vi - Vi, V) = 0 ask - woand A(zy, z, .- 2k, 2) > 0 ask — «©
Therefore {x;} = x,{yx} = y and {z,} - z.
Conversely suppose that {x;} = x,{yx} = y and {z;;} - z
That is,A(xy, Xk, - X, X) > 0 as kAW, Yi» - Vi ¥) = 0 as k - woand A(zy, 2y, .- 2}, Z) > 0 ask - ©
= A(Xy, Xy oo Xp, X) + Ak, Vi oo Vi V) + A2k, Zgy oo - 21, 2) = 0 ask - ©
=D((xk, Vier Zk), s Vier Zig) oev oenee (%, Vie» 21),(X.,2)) > 0 ask - o
Therefore{(xy, Vi, z)}INX X X XX - (x,y,2)
(2){(xx, Y, 7)) }is a Cauchy sequence inX X X X X & {x,.}, {yi} and {z,} are Cauchy sequence in X
Suppose that{(x, yx, zx)} is a Cauchy sequence in X x X x X
that is, D((Xy, Vi Zx)» (X Vio Zk) - - -- (X Vior Zk) Ky Yo Zm)) = 0 ask,m = o
= A, Xy oo Xy X)) ¥ AV, Vies - Vi Ym) + A(Zy, Ziey oo Ziy Zi) = 0 ask,m - o

= A(Xp, Xiy o Xy X)) = 0 as k,m — oo,
AV, Yir Yo Ym) 2 0 ask,m - and  A(zy, Zg, - Zk, Zm) 2 0 ask,m - o«

Therefore {x,}, {y,} and {z,} are Cauchy sequence in X
Conversely suppose that{x; }, {y,} and {z;} are Cauchy sequence in X

that is, A(Xp, Xy oo Xjey X)) = 0 as k,m - oo, A(Vy, Vi o Vi Ym) = 0 as k,m -
o and  A(zy, Zg, . 2k, Zm) > 0 ask,m— o

= A(Xp, Xy oo - Xi Xm) + AVie, Vi - Vi Ym) + A2y, Zgey oo 2, 2) > 0 ask,m — o
=D (% Y1 2K)s Kt Yio Z10) - - (Ko Yio Z1) Ky Yy Zm)) = 0 ask,m -
Therefore{(xy, yi, z;)} is a Cauchy sequence in X X X X X
(3)Xis complete= X x X x X is complete
Suppose{x; }, {v,} and {z,} are complete in X
thatis,{x,} - x,{y,} 2 yand {z;,} - z
= A(xy, Xy oo X3, X) > 0 ask - oo,

AV, Yir Yo ¥) = 0 as k — o and
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A(zy, zgy o 21,2) = 0 ask - o
= A(xg, Xy oo X3, X) F AWVis Yir - Vi V) + A2, Zgy - 23, 2) =2 0 ask -
=D((X Vi Z1)» Kior Vior Zi) -+ - Kioo Vio Z1),(XY,2)) = 0 as k — o
thus {(xx, Vi, z,)} is complete in X x X x X
Conversely suppose{(xx, Yk, zx)} is complete in X x X x X
that is, {(xx, Y, z1)} = (x,y,2)
=D((Xw Vi ZK), Kio Yio 2k) -+ Kio Yio 21, (X,Y,2)) = 0 as k — oo
= A(xy, Xy oo Xp, X) + AWk, Vi - Vi V) + A(Zx, Zgy - 23, 2) = 0 ask - ©
= A(xy, Xy oo X, X) 2 0 ask - oo,
AWk, Vir Vi y) = 0 ask = woand
A(zy, Zgy - 23, 2) > 0 ask - o
therefore {x;.} = x, {yx} = y and {z,.} - z.
Now we prove our first main result

Theorem 3.1.Let (X, <,A) be a partially ordered complete 4, —metric space and f: X3 — X such that (i) f has
mixed weakly monotone property on X and there exist x,, y,, z, in X such that

Xo < f (X0, Y0, Z0).f (Vo X0, Z0)< Yo,and z < f(2o, Yo, Xo)
(i) there is an a such that ab?((n—1)b +1) < 1and

A(f(x,y,2),f(x,y,2),....f(x,y,2),f(u,v,w))+A(f(y,X,2),f(y,X,2),....f(y,X,2),f(v,u,w)
+A(f(z,y X),f(z,y,X),...f(z,y,X),f(w,v,u))

S (XmaX{D((X,y,Z),(X,y,Z),...(X,y,Z),(U,V,W)), D((X,y,Z),(X,y,Z), . .(X,y,Z),(f(X,y,Z),f(y,X,Z),f(Z,y,X))),
D((u,v,w),(u,v,w),...,(u,v,w),(f(u,v,w),f(v,u,w)),f(w,v,u)),D((X,y,2),(X,Y,2),...(X,y,2),(f(u,v,w),f(v,u,w),f(w,v,u))),D((u,v
W), (U,v,W),...,(u,v,w),(f(x,y,2),f(y,x,2),f(z,y,X))) } (3.1.1)

forall x,y,z,u,v,w € X with x <u,y = vand z < w (iii) fis continuous or X has the following properties.
(@) if {x, } is an increasing sequence with
x; = xthenx, <x forallk €N
(b) if {y, } is a decreasing sequence withy, — y,theny <y, forallk € N
(c) if {z, } isan increasing sequence with
zy > zthenz, <z forallk €N
Then fhas a Tripled fixed point in X
Proof.Let (xq, vy, 2o) beagiven pointin X x X x X ,satisfying (i).

Write X1 = f(xo'yO'ZO)v V1= f(YO;xo»Zo): Z1 = f(ZO'YleO) and X2 = f(xllyllzl)l V2 = f(yl'xl'zl)!ZZ =
f(z1,y1,%1)

Define the sequences {x; }, {y,} and {z;}inductively
Xak+1 = f X2k Yot Z21)s Yakrr = f Varor X2t Z21)s Zakrr = [ (22t Yaior X21)

Xok+2 = [ okt Yok Zok+1)s Yokvz = f Vok+1r X2k+1s Zoak+1)s Zokv2 = [ (Zoks1, Yar+1, Xox41)forall k € N
(3.1.2)

Since xy < f(x0, Y0, 20):Yo = f Vo» X0, Zo)and zy < (20, Yo, Xo)
and since f has mixed weakly monotone property, we get
x1 = f (X0, Y0, 20) < f(f (X0, Y0, Z0)s f Wo» X0, Z0), f (Z0, Yo, X0)) = f(X1, Y1, 21) = X3 = X1 < X,
X, = fxu,y1,21) < f(F Y1, 20), f 1, %1, 21), (20, V1, %1)) = [ (X2, Y2, 22) = X3 = X5 < X3



Ravibabu konchada/ Afr.J.Bio.Sc. 6(9) (2024) Page 5581 of 20

and y; = f(Vo, X0, 20) = f(f (o, X0, Z0), f (X0, Y0, Z0), [ (Z0, Y0, X0)) = Y2 = Y1 2 Y2,
Yo = fOux1,20 2 f(f O, %1, 20), f (X0, 01, 21), f (20,01, %1)) = ¥3 = ¥2 2 3
also
21 = f(20,¥0,%0) < f(f (20, Yo, %0), f Vo, X0, 20D, [ (X0, Y0, 20)) = [(21,¥1,%1) = 2, = 2z, < 25,
2y = f(z1,y1, % < f(F (20, y0%0), f 1, %0, 21), f (%1, 1, 21)) = [(22,¥2,%2) = 23 = 2, S 23
By induction,

Xg S X S Xp Sk S X S Xppp1 S

Vo = V1 = Vs Zeeeen Vie = Vopgl Seeveereens (3.1.3)
2021 S Zy [ S Z S Zoppyg S forall k € N
Define Dy: X3* — X by
D,=D <(xk'yk’zk)r(xk'Yk,Zk): eees (k0 Vi Zi), (xk+1'y:li:1; Zy41),
(n — 1 times)

xk,,x e Xy Xk+1 yk,, e .,yk, yk+1 Zk,,z e  Zy, Zk+1
b( k + A,k + A, k

for k=0,1,2....
Dyies1= Ap (ops1Xoka11X2ks1:X2k+2)F Ap (Vars1:Y2k410 =+ Yo+ 1 Yorka2)t Ab (Zoka1:Z2k410 -+ Zoks1) Z2k42)

Ap(f Ce2ir Y2r Zai ) f (caier Yarr Zai) -+ f (Xakr Yaror Zai) f (aka1r Yara1s Zak+1)) + Ap(F 2k X2k Z2k)

f ks X2k Zai ) f O2kr X210 Zak ) of V210 X2k410 Zok+1))F Ap(F (Zakr Yaior X205 f (Zaker Yaier X2k )+ f (Zakr Yakr X2k )00
f(Zaks1 Yakr1 X2k41))

< amax{

D((x210 Y2kr Z2k ) (X2ks Yok Z2k) s+ - 2k Yok Z2k)s (Xzks 1 Yar+ 10 Z2k+1) D2k Vi Z21) X2k Yakr Z2k ) ooe--
X2k Yaior 221 ) (f Oc2i0r Yaior Zai)of Vaker X2k Zai) s [ (Z2k Vi X21))s

D(Ce2ks1 Yo+ 1 Zak+1)r (Xoks1) Yok Zok+ 1) (K2kr 1 Yara 1 Zok+1) (f (2410 Yok 41 Z2k41)

f D2kes1 X2r4 1 Zakr 1) (Zakr 1 Yares 1 X21e41))).D((ezier Yaro Z21) s (X2 Vaier Zai) v (K2 Vi Z2i)

f (ks Yarwrs Zaks1)s F(Vakrr X2kr1 Zaks1)s [ (Zaws 1 Yarrr X2x41))),D(

(X2k41 Va1 Zak+1)) (K2ks 1 Yaka1 Zake1) v (aka1, Varr 1 Zak+ 1)y (F Oc2i Yaror Zai) s [ Vi X2k Z2k),s

f Zakr Yaro X21)))}

From (3.1.2)

Daiy1 < a max { D((Xzx, Yair Zai) (X2 Yaior Zai) s - (X2kr V2o Z21)» (Kzks 1 Yok 1 Z2k+1))s

D((xz Yair Z2i ) (X2k0 Yoo Z2k) s (X2ks V2o Z2k) s » (X2 1r Va4 10 Z2k+1) )

D((Xzk+1) Y2kt 1 Zakr1)s (Kzks 1 Yara 1 Zakr1) v (X2ks 1 Yaks 1 Z2kr1)y (K2ks20 Vakrzs Z2k+2))s

D((xzi Y2ir Z2i)s (X2ks Y2t Z21) s+ - (X2 Vaker Zakc )

(Xok+2) Yar+2r Zok+2)) D2k 41 Yo+ 1 Zok 1) (oks 1 Yok 1 Zoks1) e (X2ks 1 Yo+ 1) Z2k41)
(Fok+1 Yor+1 Z2k1))} (3.1.4)

= a max { D((x2k' ka'ZZR)i(xZI(' YZklZZIc)"" . (x2k' YZklZZIc)l (x2k+1l YVok+1 ZZk+1))l

D((xz Yair Z2i)s (X2ks Yoo Z2k) s (X2ks V2o Z2k)s » (Xzkes s Va4 10 Z2k+1) )

D((Xzk+1 Yar+1r Zakr1)s (Kzks 1 Yara 1 Zakr1) v (X2ks 1 Yaks 1 Z2kr1)y (K2ks20 Vakrz Z2k+2))s

D((xz Yair Z2i ) (X2ks V2o Z2i) s+ - K2k Vi Zai)y (Xzkes2r Vakv2r Z2kr2))}

From lemma 2.10,

Darv1 < a max { D((Xzk, Yair Z2k), X2k Yok Zak) s+ - X2k Vaio Z21)s (Kake4 1) Var+ 1) Z2k+1))s
D((20 Y2i Zai ) (Xzker Yaier Zak) - (Xako Varo Z2k)s » X2kt 1) Yakr1s Zak+1))s

D((x2k41> Y2r+1 Z2k+1)s (K2ks1r Va1 Zakr1) e (K2ka 1 Yo+ 1 Z2kr1)s (Kz2kszr Yakr2 Zaks2)), (n— )b
D((e2r Y2ie Zaw ) (X2ker Y2ier Z2k) s - (X2t Yaio Zak)s (X215 Vare+1 Zak+1))

+b?D((Xzke+1> Yak+1s Z2ier1)s Kaier 1 Yara s Zaka 1) (Kziea 15 Vaier 15 Z2ier1)r Kziea2s Vaierzs Zoie+2))}

S am—-1Db D( (XYoo Z2k) + (Koo YVaroZok) o+ o X2k Yoo Z2k )y (X2k41, Yok 41 Z2k+1))

+b2D((x2k+1JYZk+1JZZR+1)' (X2k+1) YV2k+1 Z2k+1)r - X2kt 10 Yok+10 Z2k+1)r (X2k420 Vak+2) Z2k+2))
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= a(n —1)b [Ap 2k Xokr X2k X2k41) FAb W2k Yaks - Yars Yor+1 )FAb (ZogiZoks o - Zogs Z2+1)] +D% [Ap

(X2k+1: X264 10 X2k+1: X2k 42) FAp Voks1:V2k41s - Yo+ 1 Yok+2 VFAb (Zaks1:Z2k41) o+ Zok+ 10 Zok+2) ]

(3.1.5)

Therefore

Dapy1 < a(n—1)b [ Ay (o Xok s Kok Xoks1) T Ap VzieiVakes oo Vair Va1 )T Ab (ZakiZaks v - Zoks Zok41)] +b?

EAb (3)52k+1-x2k+1-----x2k+1ax2k+z)+Ab Vak+1:Y2k+1s - Yarw 1 Yakvz )t Ap (Zog+1.Z2k410 - Z2kr1 Zak+2)]
3.1.6
= (1= ab?*)Dyyy1 < @ (n—1)bDy
a(n—1)>b
= Paen = g gy P
Put g = S0 then 0 < B < 1(3.L7)
From (3. 1 7), Dyy1 < BDyy
Similarly we can show that D,j,, < BD,;4q \ for k=0,1,2,...
Hence Dy,1 < BDy
Therefore
Dis1 < B*HID, (3.1.8)
D. =D <(xk'yk:Zk):(xkrymZk) o (i Vi 21y, (x4, }’z'zz))
kel (n—1 tlmes) i
_ 4, (xk X o X xl> 4, (yk Ve e Vi yl> 4, (zk__zk‘ ey Zie Z,)
n—-1 tlmes) ..... (n — 1times)i.:
Now we have to show that Dy, ; is a Cauchy sequence
By lemma 2.10, forall k, m € N,k <m
we have

Xk+1,x xk+1:xm+1 V41, V41, :}’k+1:}’m+1 Zk41,2 41, 0 L+ 1 Zmt1
k+1 + A k+1 A k+1
b b

D =A ( A I PR Rt o [ o PR ot
ferLmt1 b (n—-1 tlmes) n—-1 tlmes) (n — 1 times)

< (= 1)b [4, (e X@_f2)+ Ay (e V) 4 g (bt

(n—1 times) (n—-1times) i (n—1 times)
+h? [Ab (Xk+z Koy Xk 2 Xm+1) + Ab ()’k+zyk+2 wYk+2) ym+1) + Ab ( k+2,2p 4 5,2 k420 Zm+1)]

n—1times n—1 times n—1times
X WX,
= (n — 1)bDyq +b%(n — 1)b[Ab( K+2,Xj 42, Xk+2s x]gj.3) + 4, (J/k+2yk+2 wYk+2s y;f_fg) +

n—1 times n—1times
A, (Zk+2 Zy2 Pkt 2 Zk+3)]

n-—1times
2h2 Xk+3,% Xk+3» Xm Yk+3, Yk+3: Ym Zk+3,Z) 43, Zk+3) Zm
+b7h [Ab( n- k1+t31mes :::H) + A ( nyk;?lmes EIZZH) + A ( n-— k1+t31mes +1)]
=(n- 1)ka+1+b3(Tl 1)Dk+2+b5(n — 1) Dyy3 4 p2m—i)- 3(n 1) [A (xm 1,%m 1“mesxm_1,:§?l) n
Y m 4 m Z Zm— ,Z m _ n S X
Ab(ym 112] lélmesm R y) + ;4 ( " lz 1t11mesm " Z:::)]""bZ(m k- 1(71 1)) [A ( TZ XInthesm x:::+1) +
mym,-Ym Y m,zm,Zm Z
A nfl times m+1) t 4 ( n-1times m+1)
From (3.1.8)
Dk+1,m+1 < (Tl - 1)b[ﬂk+1 + b25k+2 + b4'8k+3 4o +b2(7Tl—k)—ZBm] D
= Dipimer < (0= DB 1+ bR + (b2B)* + .. +(b*B) ¥ D]D,
= — DB 1 +y +y2 + .. +4y™mk-D]p,
1
< (n—-1)bp*¥**——1D
(n = BB = Dy
Where y = b%p

Hence for all k,m € N,k < m, we have
Xie ., wee e s Xy X Vie,yx, -+ Yio Ym Zie g0 w02 Zko Zm 1
D= A vk e A o el A P <(n-1Dbp¥——D
fem b(n—ltimes )+ b(n—ltimes )+ b(n—ltimes )_(n )bp 1—y°
Since 0 <y = ab?((n—1)b + 1) < 1, we have

lim Ay (Kt Iy | G oYy (o T

) k,m—co n—1times i.i n—1times :i. n—1times :i.:
That is,
X ey Xpy X ) e Vi S Zp, Z
lim Ab( gy w00 K m) = lim A, (yk”yk‘ ) Vi ym) = lim Ab( oo * k m) =0
k,m—o0 n—1times i.i k,m—c0 n—1times i. k,m—co n—1times :i.
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Therefore {x, }, {v,} and {z,}are Cauchy sequences in X.

By the completeness of X, there exists x,y,z € X suchthatx, — x,y, > yandz, - zask - o
Therefore Dy, ; is a Cauchy sequence.

Now we show that (x, y, z) is a tripled fixed point of f

Suppose that f is continuous, we have

x = lim o = imf Coaso Yawo 220) = f (limoxa, limya, limzyi ) = £ (x,7,2)
Y = imyoier = U f O X 72) = f (limyap, limxay, limz,,) = £(3,%,2)
and

z = lim zyey = im f (Zow Yoo Xoi0) = f (limzape, limyyy, limxy,.) = f(2,9,%)
k—oo k—o0 k—oo k—o0 k—oo

From (3.1.1), we have
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Ap (X,%,... X, f(X,Y,2)FAW,Y, ...V, f(y,X,2)) +A(Z,Z,....2,f(Z,y,X))

= A, (f(x,y,2),f(x,y,2),...f(x,y,2),f(x,y,.2))+ A, (f(y,x,2),f(y,X,2),....f(y,Xx,2),f(y,X,2)) + A}, (f(z,y,2),f(z,y,X),....f(z,y,X),f(z,y X))

< a max{
D((X'y’z)’(xly’z)l" '(X’ylz)l(x7ylz))YD((X’ylZ)l(le'Z)l' . '(X'y’Z)Y(f(x’ylz)lf(y!xlz)lf(zlylx)))’ D((X’ylz)1(xly!z)7' . '(le!z) ’(f(x!ylz)l
f(y,X,Z),f(Z,y,X))),D((X,y,Z),(X,y,Z),...(X,y,Z),(f(X,y,Z),f(y,X,Z),f(Z,y,X))),D((X,y,Z),(X,y,Z),. ..(X,y,Z),(f(X,y,Z),f(y,X,Z),f(Z,y,X)))

a max { 0, D((x,y,2),(x,y,2),...(x,y,2),(f(x,y,2),f(y,X,2).f(z,y,X))) }

af D((x.y,2),(¢.Y,2)....(x.y,2),(F(x.y.2).}(y.x,2).f(z.y. X))}
ab((f(x.y.2),f(y.x.2).f(zy.x)).(f(x.y,2).f(y.x,2).f(z,y X))....(F(xy,2). f(y.x.2).f(z.y. X)), (x.y.2))
Since ab < 1, we have (f(x,y,2),f(y,x,2),f(z,y,X))=(x,y,2)

IA

=f(x,y,2)=x, f(y,x,z)=y and f(z,y,x)=2

Therefore (x,y,z) is a tripled fixed point of f.

Suppose X satisfies (a) and (b), by (3.1.3), we get x, < x, y, =vyand z, < zforall ke N
applying lemmas 2.10 and 2.11, we have

D((x.y.2),(x.y.2)....(x.y,2),(f(x.y,2).f(y.x,2) f(z,y X))

<b(n-—
DD((%.Y2),(%.Y,2),--(%Y:2), Kzies 2. V2142221 42)) D2 DXk 2.V 2k 42 Zok+2)s Kok 2.V 2k 42 Zok2)eer- (Kzier2s
y2k+2,Z2k+2),(f(X,y,Z),f(y,X,Z),f(Z,y,X)))

=b(n—1)
D((X,y,Z),(X,y,Z),...(X,y,Z),(X2k+2,y2k+2,sz+2))

+b2D((f(x2k+1vy2k+1' Zok+ 1) fV2k1 X241 Zok+ 1) F(Zakr 1,V 2k04 10 X2041)) (FO2k 110V 200410 Z2se41) T2k 41
Yo+ 10 Z2k+1) T (Zora 1. Y2041 X2k41))veeee (F (X241 V210410 Zoke4 1) T V24 1% 200410 Zok41) T (Z2k41: V20410 X20041)), (FXY

2),f(y.x,2).f(2.y.x)))

ﬁD((X,y,Z),(X,y,Z),...(X,y,Z),(f(X,y,Z),f(y,X,Z),f(Z,y,X)))S b(n - 1) [Ab(X!X!"'va2k+2)+ Ab(ylyl"'y1y2k+2) +
Ab(Z,Z,...Z,sz+2)]+b2 Ab[f(x2k+173/2k+1lZZk+1)lf(x2k+1ly2k+1t ZZk+1)7 """ f(x2k+11y2k+11ZZk+1)lf(X!y!Z)]+b2 Ab[f
Va1 X241 Zoier 1) T V2k41 X201 Z2ie1) oo T V2041 X2ne 10 Z21e41), (Y X2)]+D? Ap [F(Z2se11,Y2k415 X2k 41)K(
Zoks1:Y2k+1 X2k 41) v+ F(Z2k 41,V 2k0 41 X2k 41),(F(ZY,X))] (3.1.9)

By using (3.1.1), we get

Ap[f(x2k41:Y2041 Zok+1) F(Xok a1, Y2041 Zoks1) s F(X2k 41, Y2k 41 Z2k41), T (XY, 2) ]+ Ay

(FO2k+1: %2k 410 Zok+1) T2k 41 X2k 41 Zok s 1) FV2ks10X 20410 Zoks1) (Y X,2))]+ Ay
(F(Z2k+1:Y20+1 X2 41) F(Zok s 1Yok 41 X2ne41) v F(Zap s 1. Y2k 410 X2041),(F(Z,Y,X))]

< amax{

(D(x2k+1:Y2k 41> Zak+1) X2kt 1:YV2k 41 Zak+ 1) K2k 1Yok 41 Z2k+1)s (65D (D (X2 41. Y2k 41 Zok+1) (Xok 410
Yokt Zaks1)r(Xara 1Yok 1 Zakr 1) (F(Xzr s 1. V2101 Zos 1) IV 2k 1 %2041 Zoks 1) H(Zakr 1.V 2004010 X20041))). DY
2),(XY,2),...(x.y,2),(f(x.y,2),f(y. x,2),f(Z,y X)), (D (X214 1.V 2+ 1 Z2k41), X2k 4 1.V 2k 410 Z2ks1)seo- (X241

Var+1 Z2k+1),(F(%.Y,2), (Y, %,2),f(2,y X)), D((X,Y,2),(X,Y,2)-. (%Y, 2)0s (F(X 2k 41,V 2k 410 Z2k 4 1) F Y2k 410X 2415 Z2kes1)s
f(Zak+1:V21410 X2141)))}

= a max

{(DC2k 41, Y2k 41> Zakr 1) (X2k+1:Y2k+1 Zok41) e (X2ks1:YV2k 41 Z2k+ 1), (65 2) (D (X2 41,V 2k 41 Zok+1), (Xok 415
Vak+1r Zok41)r Kok s 1.V 2k + 10 Zak+1)(X2k 2V 2k 420 Z2k+2))s
D((x.y,2),(x.y.2),...(x.y,2),(f(x,y,2),f(y.%,.2),f(Z,Y X)) (D X2k 11,2k 415 Z2e+ 1)y (X2 + 1V 2k 410 Z2ks1) e (X2kea 1
Yare+1r Zai+1),(F(6Y,2). (Y. %,2),5(z,y. X)), D((X,Y,2),(X,Y,2),... (XY, 2) (X2k 4 2.V 2k 420 Z2k42))}

From (3.1.6) and (3.1.7)



Ravibabu konchada/ Afr.J.Bio.Sc. 6(9) (2024) Page 5585 of 20

D((X,y,Z),(X,y,Z),...(X,y,Z),(f(X,y,Z),f(y,X,Z),f(Z,y,X)))S b(n - 1)[Ab(X,X,...X,x2k+2)+ Ab(ylyr"'y!y2k+2) +
Ap(2.2,.2,231042)]+D? @ max { (D(Xzk+1: V2141 Zoter 1) Xarer 1Y 2k 4 10 Z2ks 1) X2 1.V 2k 410 Z2is1),(6Y52))s

(D(xX2k+1:Y2k+10 Zok+1)s X2k 1.V 2K+ 10 Zak+1) e X2k 41: Y2041 Z2k+1)(X2k+2Y 2k 420 Z2ke+2)), D((X,Y,2),(X,Y,2),... (XY,
2),(f(x.y,2),f(y.x,2), 2,y X)), (D(X2k 41,V 2k 41 Z2k41)s X2k 1:V 2k 410 Z2ke+ 1) (X2k 415V 2k +1) Z2k4+1)
(f(x.y.2).f(y.x,2),f(z,y.X))), D((X%.Y,2),(X.Y,2)---(X.Y,2)(X2k 42V 2k +2 Z2k+2)\}

Taking the limit as k — oo, in (3.1.8), we obtain

D((X,Y,2),(X.Y,2),...(x.y,2),(f(x,y,2).f(y.x,2),f(Z,y. X)) < b(n — 1) [AXKX,.. X, X)+AY.Y,...Y.¥)+A(Z,Z,...2,2)]+b?a max {
D((X,y,Z),(X,y,Z),...(X,y,Z),(X,y,Z)),D((X,y,Z),(X,y,Z),...(X,y,Z),(X,y,Z)),D((X,y,Z),(X,y,Z),...(X,y,Z),(f(X,y,Z),f(y,X,Z),f(Z,y,X))
)’D((X’y!z)l(xly7z)’"'(X’y!z)l(f(X’y’Z)’f(y’x’z)lf(zlylx)))’D((lelz)!(xlylz)7'"(X’ylz)’(x7y7z))}

=b?a D((x,y.2),(xy.2),...(x.y.2),(f(x,y.,2),f(y x,2),f(z.y.X)))
Since b?a<1, we have
D((x.y2),(x.Y.2),...(x.y.2),(f(x.y,2).f(y.x,2).}(z,y.x)))=0
Therefore (f(x,y,2),f(y,x,2),f(z,y,X))=(x,y,z)

That is, f(x,y,2)=x, f(y,x,2)=y and f(z,y,x)=z

Therefore (x,y,z) is a tripled fixed point of f .

Theorem 3.2.Let (X, <, A) be a partially ordered complete 4, —metric space and f, g: X3 — X such that (i) the
pair (f, g) has mixed weakly monotone property on X and there exist x,, o, z, in X such that

Xo < f (X0, Y0, 20), f(VosXo, Z0) < Yo,and zg < f (2o, Yo, Xo) OF Xo < g(Xo, Y0, Z0), 9(Vo: X0, Zo) < Yo,and zg <
9(Zo, Yo, Xo)

(i) there is an a such that ab?((n—1)b+ 1) < 1 and
A(f(x,y,2),f(x,y,2),....f(x,y,2),0(u,v,w))+A(f(y,x,2),f(y,X,2),....F(y,X,2),g(v,u,w) +A(f(z,y,X),f(z,y,X),....f(z,y,X),0(W,v, u))

< a max{D((x,y,2),(X,y,2),...(X,y,2),(u,v,w)), D((x,y,2),(X,y,2),...(x,y,2),(f(x,y,2),f(y,%,2),f(z,y,X))),
D((UVV7W)7(U7V7W)7Y(UIV’W)’(g(UYVYW)Yg(V’u’W))’g(wlvlu))7D((X7y7z)’(x’y7z)1(X’ylz)7(g(uYV’W)7g(V7u’W)’g(WYVlu)))’D(
(u,v,w), (u,v,W),...,(u,v,w),(f(x,y,2),f(y,x,2),f(z,y.X)))} (3.2.1)

forall x,y,z,u,v,w € X withx <u,y = v and z < w (iii) eitherfor g is continuous
Then f and g have a tripled common fixed point in X.
Proof.Let (x4, vo,2z) be agiven pointin X x X x X ,satisfying (i).

Write X1 = f(xo'YO'Zo) Y1 = f(YO»xo;Zo): Z1 = f(ZO'YOJxO) and X2 = g(leyllzl)vyZ = fg'xl!zl)!ZZ =
fg'yl'xl)

Define the sequences {x}, {y} and {z,}inductively
Xir1 = f X Vier 2y Yierr = F Ok X Zi)y Ziewr = f (2o Vies %)
Xi+z = 9K+ 1, Yier1s Zka1)s Yierz = 9 Vier 1 Xier 15 Ziew1)s Zierz = 9 (Zir 1 Vier 1 Xier1)
forallk € N (3.2.2)
Since xo < f (X0, Y0, Z0):Yo = f Vo, X0, 2o) and zy < f (2o, Yo, Xo)
and since (f,g) has mixed weakly monotone property, we get
x1 = f(x0,Y0,20) < g(f (X0, Y0, 20), f Vo, X0, Z0), f (20, Yo, X0)) = g (X1, ¥1,21) = X3 = X1 < Xy,
Xy =91, ¥1,21) < f(GO,¥1,21), g1, %1, 21), f9, V1, %1)) = [ (X2, Y2, 22) = X3 = X3 S x3
and y; = f (o, X0, o) = 9(f Vo, X0, Z0), f (X0, Yo, Z0), f (20, Y0, %0)) = 91, %1,21) = Y2 = Y1 2 Y32,
Yo = fux1,20 = (91, %1, 21), (%1, Y1, 21), 9(20, Y1, %1)) = f (V2 X2, 22 = Y3 = Y2 2 Y3
also
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z; = (20, Y0, %0) < 9(f (20, Yo, %0), f o, X0, Z0), f (X0, Y0, Z0)) = G(21, Y1, %1) = 2, = 21 < 75,
zy = f 2Ly % < (920 Y1 %), 9V, X1, 21), (X1, V1, Z1)) = [ (22, Y2, X%2) = 23 = 2, < 73
By induction,
Xg S X S Xy S S X S X1 S,
Vo= V1 Vo e Ve = Vg1 Seeveeenens (3.2.3)
2021 L2y L0 L7 S Zpyq S forallk € N
Now show that these sequences are Cauchy
Define D: X3 — X by

D. =D <(xkakak),(xkakak), -----(xk’yk’zk), (k1) Vier s Zk+1),>
k n — 1 times i
Xk, e, v -2 Xier X1 Vieyr, v Yier Vi1 Zi,zp, e+ Zior Zt1
- Ab( e )+ Ab( Vie )+ Ab( 2o )

n—1times i. n—1times :i. n—1times .
for k=0,1,2....
Dyjes1= Ap (oks1: X2k 110 X2k+1:X2k42) T Ap V2ks1:V2k+1s o - Vakr 1 Yok+2 )+ Ap
(Zok 41220410+ + Z2kt1) Z2k42)

=Ap(f (X200 Yaror Z2i) s [ (X2ks Yako Z2k) -+ f (X2ks Yok Z2k)s 9 (X2kt1) Yok+1s Z2k+1)) + Ap
(f 02k X200 Z2k)s [ Varer X210 Z2a) oo [ (V2kr X2k0 Z21)s G Vak+10 X2k410 Z2k+1)) F Ap
(f oo Yoo X200 [ (Z2ks Yoro X200 [ (Zako Vi X205 9 (Zoks1) Yok+1s X2k41))

< a max { D((xzk, Yakr Z21) X2k Yok Zak ) - (X2k Yoo Z2k)s (X2k 410 Yo+ 1) Z2k+1))s
D((x210 Yakr Z2i)s (X2ks Yaro Z2i ) s+ (X2kr V2o Z21) o f (Xzkr Yarr Z2k)s | Vaker X210 Z2k)s | (2210 Yaier X21)))s
D((*2k+1 Yak+1r Zoks1)r (Xoks 1 Yor+1r Zaks1) v (X2k+ 1 Yok + 10 Z2k41),

(9 2k41 Yok 41 Zakr1)s 9V2ks 1 Xk 410 Zakr1)s G (Zoks 10 Vak+1 X2k41))))

D((xz10 Y2ir Z2i ) (X2ks Y2ror Z21) s+ (X2kr Y2k Z21) s

(9C2k11 Yars1s Zak+1)y GV2k410 X2k+ 10 Z2k+1)s  Zaks 1) Yoks1) X2k +1))))

D(Ce2ks1 Yo+ 1r Zak+1)r (Xoka1s Yokt 1 Zok+1) s 2kt 1 Yarea 10 Zak+ 1)y F 2k Yarr Zai) s [ (Vaio X2k Z210),

[ (Zak> Yok X21)))}

From (3.2.2)

Dypyr = @ max { D( (xarYarrZ2k) + X2k Yok Zak) o - (X2k0 Y2k Z2k )y X2kt 1) Yok +1) Z2k+1)))
D( (X2k) Y2k» Z2k) , (X2k) Y2k Z2k) (X2k) Y2k» Z2k) , » (X2k+1) YV2k+1) Z2k4+1)))
D( (2k+1Y2k+10 Zok+1)r (X2kt1s Yok+1 Z2k+1)  ve X2kt Voks1r Z2k+1) + (Xok42: Yok+2, Z2k42) )
D( (x2k0 Y2ks Z2k) ) (X210 Y2k Z2k) ) e e (X200 Y2k0 Z2K) ) (X2k+2, Yok+2 Z2k+2) )
D( (X2k+1 Yok+1 Zok+1)s G2k 10 Yoka 1 Zok+1) v (X2ka1r Yoka1 Z2k+1) + (Xoks1 Vok+1 Z2k+1) )+
(3.2.4)

= a max { D( (rYarZak) + (2w Yok Zak) o+ - (X210 Vaio Z2ik) (X2k41) Vak+1 Z2k41))s
D( (X2k) Y2k» Z2k) , (X2k, Yok Z2k) (X2k) Y2k» Z2k) , » (2k+1 Yo+ Z2k+1))s
D( (2k+1 Yok+1r Zak+1) (X2ka1 Vaka1 Z2k+1) v (K2krn Yok Zakv1) + (X2ka2) Yaka2r Zak2) )

D(Cx2k Y2k Z2k) (X200 Y2k Z2k )1 oe - (X2k0 Vakor Z2k)s X2kt 20 V2kt20 Z2k4+2)) 3
From lemma 2.10,
Dypr1 < a max { D( (xz2k Y2k Z2k) + (X2k0 Yok Z2k) o+ oo (X2k0 Y2ko Z2k ) (X2 410 Y2k 410 Z2k+1))s

D( (X210 Y2k Z2k) ) (X2 Y2kr Z2k) (X2 Y2k Z2k) ) » (X2k41, Vok+1r Z2k+1))s

D((X2k+1, Y2k+15 Z2k+1)r (X2k410 YVok+15 Z2k+1) - (X210 YVok+10 Z2k+1) » (X2k+20 Vok+20 Z2k+2)), (M — 1)b
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D( (X250 Y2k Z2k) ) (X210 Yakr Z2k) ) e 2k Vako Z2k )y (X2 410 Yake+1) Z2k+1))

+b2D((x2k+1»3’2k+1»22k+1); (X241, Y2k+1 Z2k+1) v X2k 10 Yok+10 Z2k+1)r (X2k420 Vak+2) Z2k+2))}

< am—1b D( (2nYakrZak) + 2k YakrZak) o - X2k Voks Zok ) (X241 V2k+10 Z2k+1))

+b2D((x2k+1:)’2k+1:Zzzc+1)» (X241 Y2k+1 Z2k+1) 1 X2k 10 Yak+10 Z2k+1)r (X2kt20 Vak+2) Z2k+2))

=am— 1)b[Ap (X2, X2k - X2k X2k 1) FAp (Vok 1 Vaks o Yaio Yok+1 ) Ab (Z2k1Z2ks oo+ Z2ko Z2k41) ]

+ b% [ Ay ( Xaks1 o+ Xoks1 o Xokt1 o Xokaz) T Ap ( Yake1 + Yokair oo Yokt1 Yaksz )+ Ap
(Z2k+1122k+15 =+ - Z2k+ 1 Z2k+2)] (3.2.5)

Therefore

Dogyr = am—1b [ Ay ( Xak » Xak v X2 Xo2kt1) + A (Vok o+ Yok oo Voo Yok+1 )t Ap
(Z2k+Z2ks e+ Z2ks Z2k41) ] +b? [Ap (X2kt1:X2k41 0 X2k+1:X2k42) T Ap (V2k41:V2k+1s oo - Yokt 1) Yak+2
)t Ap (Zok+1:Z2k+1s - Z2kt10 Z2k4+2)] (3.2.6)

= (1 —ab®)Dypi1 < a (n—1)bDy,

a (n-1)b

= D2k+1 < mDZk (327)
Putﬁz%,thenogﬂ< 1

From (3.2.7), Dy 11 < BDyy

Similarly we can show that Dy, < D,y for k=0,1,2,...
Hence Dy, 1 < BDy,

Therefore

D41 < B¥*1Dy(3.2.8)

Define D, = D ((xk,yk,zk),(xk,yk,zk).....(xk,yk,zk), (xl.YI.Zl),)
kil n—1 times

xk”xk' vy, Xy X yk"yk' e Yo Vi Zk,,Zk, vy Ziy Zg
= 4 )+ 4 ( )+ 4 )

n—1times :i. n—1times :i. n—1times :i.

Now we have to show that Dy ; is a Cauchy sequence

By lemma 2.10, forall k, m € N,k <m

we have
D -4 X411, X541, =0 X+ Xm+1 A V41, Y41, = 0 Y+ Ym4+1
k+1,m+1 — £ib . + Ap .
n — 1 times L n — 1 times I
Zk+1,2 41, o Zh+ D Zml
+ A, ( e v Tk Smd )
n — 1 times
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< (n—1)b[A (xk+1 gy 1 X1 xk+z) + A, (Yk+1 Vs VD y{c“) + A, ( K12y, PR zk+2)]

n—1times n—1 times n—1 times

+h2 [4, (xk+2 gz k20 xm+1) + 4, (Yk+2 gz Ykt ym+1) + A, ( k+2,2p 4 92K+ 2> zm_'_l)]
n—1times i n—1times i n—1times :

_ _ 2 _ Xk+42,x WXk+2) Xk+3 VE+2,Y 100, Yi+2, yk+3

- (Tl 1)ka+1+b (n 1)b[Ab ( n— kf?lmes ) + A ( n kfglmes o +

A, (Zk+2 Zfgor LR+ 2) Zk+3) ]

n—1times

+b2b2 [A, (xk+3 ks xm+1) + A, (y’””m Vet Ym“) + Ay (Z"” s Z’."“)]
n—1 times n—1 times n—1 times H

= (0 = DbDyr+b*(n = DDysz+b* (= DDz +b2M 73 (n = 1) )[4y (" tyimepimtim) 4

n—1 times

Ym-1,ym—1,Ym-1Ym m-1,zm—1,Zm—1, Zm 2(m—k)-1 _ Xm,xm, - Xm X

Ab( nyn; tlimes ) + 4 ( n-1 tlimes ..... )]+b (n 1) ) A (77,11—961 the;n m+1)+
Ymym,Ym Ym Zm,zm, Zm» Zm

Ab( n—y;ntlmes +1) + 4 (n Intzmes "'Tl)

From (3.2.8)

Dicr1ime1 < (n— DB[BFFY + b2BK¥2 4 p*BK+S ... +p2(m-K)=2pm]

= Dirimer < (= DRI+ D2B + (B2B)2 + .. +(b2R) ™ +D]D,

= (n— Db 1 +y +y2 + .. +yk=D]D,
< (n_ 1)bﬁk+1L D
= 1—y 0

Where y = b28

Hence for all kK, m € N,k < m, we have

x e, X, X e, Vie Z ey Z1, Z
Dk,m= Ab( K. Xk, k m)+ A (YR,,yk, Yk }’m)+ A (k,,zk, k m)

n—1times i. n—1times :i. b\ n —1times i

v 1
S(n—l)bﬂ EDO

Since 0 < y = ab?((n—1)b+ 1) <1, we have

lim A ( k. Xk, .....,Xk,)fT) N Ab (Yk,,yk, ..,yk,ym) 1A (Zk,,zk, .....,Zk,Zm) -0

k,m—oo n—1times i.} n—1times i.i b\'n —1times i
That is,
k, ’.....,Xk,x i Yk,, ,"""yk'y i Zk,, ,.....,Zk,Z
lim A, ( Yo m) = lim Ab( Vho m) = lim Ab( Zhe m) =0
k,m—-o n —1times i.: k,m—-o0 n—1times i. k,m—-oo n —1times :i.i

Therefore {x; }, {yi} and {z, }are Cauchy sequences in X.

By the completeness of X, there exists x,y,z € X suchthatx;, - x,y, > yandz, - zask - o«
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Therefore Dy, is a Cauchy sequence.
Now we show that (x, y, z) is a tripled fixed point of f and g
Without loss of generality, we may suppose that f is continuous, we have x = ,fimekH =

Ui f Gt Vs Z210) = f ( limxae limyay, limzai ) = f(x,,2)

y = limysers = imf G Xaw 22) = £ (JimYaw, Jim oy, limza) = £ (7,3, 2)
and

2= limzis = U f (Zow Vaio ¥210) = f (i Zage, limyar, limoxay ) = £(2,9,%)
Thus (x, y, z) is a tripled fixed point of f.
From (3.2.1), we have
Ap (XX, X TG, 2)+ A (VLY.L T(Y . x,2)+ Ay (2,2,....2,5(2, X))

= 4,  (fxy2)fxy2),..fxy2oxy2))+ A, (f(yx2).fyx2),.. fyx2).90x2))+ A4
(f(z,y,2),f(z,y%),....f(z,y.,X),0(z,y.X))

< a max{
D((x,Y,2),(x,Y,2),---(%,Y,2),(X,¥,2)), D((X.,2),(X,¥,2),...(%,y,2), (F(X,¥,2),f(y.%,2),F(2,y.%))), D((X,Y,2),(X.Y;2),...(X,Y,2)
(9(xY,2),9(Y.%,2),9(z,y,X))), D((x.y,2),(X,Y,2),...(X,Y,2),(9(X,Y,2),9(Y.X.2),9(2,:X))), D((X,y,2),(X,Y,2),...(X,y,2),(F(

x,Y,2),f(y.x,2),f(z,y:x)))}

=« max { 0, D((x,y,2),(X,y,2),...(X,y,2), (x,y,2)),
D((x,y,2),(x.y,2),-.-(x,Y,2),(9(x,y,2),9(Y:X,2),9(2,y X)), D((X,y,2),(X,Y,2),.-..(X,Y,2),(9(X,Y,2),9(Y:X,2),9(z,y,X)))
D((xy,2),(x,y,2),...(x.y,2), (X,Y,2)).}

a { D((x.y,2),(x,y,2),-..(x,,2),(9(x,y,2),9(y.x,2),9(z,y. X))}

IA

ab ((9(x.y.2).9(y:x.2),9(z,y.x).(9(x,y.2).9(y.x,2).9(2.Y.X))...(9(X.y.2).9(Y.X.2),9(2,Y.X)).(X.y.2))
Since ab < 1, we have (9(x,y,2),9(Y,X,2),9(z,y,X))=(X,y,2)

= g(xy.2)=x, 9(y.x,2)=y and g(z.y.x)=z

Therefore (x,y,2) is a tripled fixed point of g.

Thus (x, v, z) is a tripled common fixed point of f and g.

Theorem 3.3.Let (X, <, A) be a partially ordered complete A4, —metric space and f, g: X3 — X such that
(i) the pair (f, g) has mixed weakly monotone property on X and there exist x, yo, Zo in X such that

xo < f (%0, Y0, Z0), f (Vo:Xo0, Zo) < Yo.and zg < f(Z0, Y0, Xo) OF X < g(X0, Y0, Z0), 9(Vo:X0, Zo) < Yo,and
zy < 9(Z0, Yo, X0)
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(i) there is an a such that ab?((n—1)b+1) < 1 and

A(f(x,y,2).f(x,y,2),....fF(x,y,2),9(u,v, W) +A(f(y,x,2) f(y,X,2),....f(y,X,2),0(V,u,w)
+A(f(z,y,x),f(z,y,X),....f(z,y,x),g(w,v,u))

<a max{D((x,y,z),(x,y,2),...(X,y,z),(u,v,w)), D((x,y,2),(x,y,2),...(x,y,2),(f(x,y,2),f(y,x,2),f(z,y,X))),
D((u,v,w),(u,v,w),...,(u,v,w),(g(u,v,w),g(v,u,w)),a(w,v,u)),D((x,y,2),(X,y,2),...(X,y,2),(g(u,v,w),g(v,u,w),g(w,v,
u))),D((u,v,w),(u,v,w),...,(u,v,w),(f(x,y,2),f(y,x,2),f(z,y,x)))} (3.2.1)

forall x,y,z,u,v,w € X withx <u,y=>vandz<w
(iii) X has the following properties.
(a) if {x;} is an increasing sequence with
x, = xthenx, < x forallk € N
(b) if {y,} is a decreasing sequence with y, —» y ,theny <y, forallk e N
(c) if {z, } is an increasing sequence with
zy > zthenz, <z forallk e N
Then f and g have tripled common fixed point in X.
Proof.Suppose X satisfies (a) and (b), by (3.2.3) we get x, < x,y, =Yy andz, <z forallk e N
Applying lemmas 2.10 and 2.11, we have
D((x.y.2),(x,y,2)....(x,y,2),(f(x,y.2),f(y.x,2),f(z.y.X)))

< b(n-
1)D((X,Y,2),(%.Y:2),--(X.Y,2), (X2k42> Var+20 Zak+2)) D2 D((X2k42, Var+2 Zak+2) s (Xz2k420 Yak+20 Zak+2) veer
(X2k+25 V2k+2s Zak+2),(F(XY,2),f(y.X,2) f(z,y,X)))

=b(n-
1)D((X.Y,2),(X,Y,2),.-.(X.Y:2), X2k 42, Var+ 20 Z2k+2)) D DUG X2kt 1, Var+ 12 Z2k+1) 9 Vaks 1 X2k 1) Z2k+1)

9 (Zak+1, Y2+ 10 X2k+1) 1(0 (C2k415 Vak+15 Z2k+1) 19 Y2k 1r X241 Z2k+1) 19 (Z2k+1) Y2k+10 X2k+1) )i (D
(241 Y2k 1 Z2k+1):9V2k+15 X241 Z2k+1):9(Z2k 41, Yok + 1, X2k+1)), T (XY, 2) F(y.%,2).f(z,y X))

= D((x,y,2),(X,y,2),---(X,Y,2),(f(x,y,2) f(y . X,2),f(z,y X))) < b(n-1)
[ Ap (XX, X, Xopi2 )t Ap (VYolYs Yakrz )t Ap (2,2,..2, Zogyz )1+ b Ay [9 (X2k+1) Yak+1, Zok+1) 10
(Xok+1 Vors1 Zoks1) o0 Kokt Voran Zoks1) Y2+ b2 Ay [0 Voks1 Xok+1r Z2k+1) O

Va1 X2k+10 Z2k41) o0 Vakt1r Xoka1 Zoke1)  SYX2D)F b2 Ay [0 (Zok+1, Yoks1 X2k+1) 0
(Zak+1: Y2rk+1 X2k 41)1-9(Z2k 41, Y2k 41 X2k+1), 12,y X)]

By (3.2.1), we get
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Ap [0 (okt1YVaks1Zak+1) 9 (Koks1s Yaks1r Z2k1) v O (X2ka1 Vok+1, Z2k+1) f(XY.2D)]+ Ay
[9 Oaks1X2k+1Z2k41) 9 V2ks1r X2k410 Z2k41) v O Vaks1r X2k+1 Z2k+1)  fYXD)]+ Ay
[9(Z2k+1, V241 X2k41) 9(Z2k+15 Vak+1: X2k +1)s+ 9(Z2k+15 Yok 10 X2k +1),F(2,Y . X)]

< a max { D( (X2k+1,Y2k+1Z2k+1) » (X2k10 Vok+10Z2k+1) 1 s (X2ke41) Y2k 1 Z2k+1)s (6, Y, Z)),
D( (X2k+1> Y2k+1r Z2k+1) ) (X2k+1 Y2k+1r Z2k+1) ) oo (C2k41, Yok +1s Z2Kk+1) )
(9 (X2k+1, Y2k+1s Z2k+1)r I Y2k +1> X2k+10 Z2k+1)5

9(Zak+1, Y2r+1 X2k+1))s D((x,y,2),(x.y,2),...(x.y,2),(f(x.y.2).f(y.x,2) f(z,y X)),
D( (X2k+1, V2k+1 Z2k+1) , (241, YVok+1 Z2k+1) '
e (241, Yok 1 Z2k41), F (9, 2), f (. x, 2), f (2, ¥, X)),

D((X,y,2),(X,y,2),...(X.Y,2),(g (X2k+1) Y2k +1s Z2k+1) I V2k+1) X2k 41 Z2k+1)»
9(Zak+1, Yake+1, X2k+1)) }

= a max { D( (Xzk+1,Y2k+1Z2k+1) + X2kt V2k+10Z2k+1) + oo (X2k410 Y2ks 10 Z2k41), (6, Y, Z))
D((C2k+1: Y241 Z2ike41)y X2kt 10 Vak+10 Z2k+1) ree - X2kt 10 Vak+10 Z2k+1)s (X2k425 Y2k 420 Z2kc+2))s

D((X,y,Z),(X,y,Z),...(X,y,Z),(f(X,y,Z),f(y,X,Z),f(Z,y,X))),D( (x2k+1'y2k+1I22k+1) ' (x2k+1'y2k+1'22k+1) )
e (x2k+1' y2k+1'22k+1)' (f(x' Y Z)' f(y' X, Z)' f(Z' Y X))), D((x,y,z),(x,y,z),...(X,y,z),
(X2k+2) Vak+2) Z2k+2))}

From (3.2.6) and (3.2.7)

D((x,y,2),(x.y.2)....(x.y,2),(f(x.y.2).f(y.x,2),f(z.y.X))) < b(n-
1)[ Ab (X,X,...X, X2k+2 )+ Ab (yiyi"'y! YV2k+2 )+ Ab (Z,Z,...Z, Z2k+2 )]+ bZa max {
D((X2k+15 Yak+1 Z2k+1)y (X2k+15 Yok 41 Z2k+1) 1 - X2kt 1 Vake+1 Z2k+1) (6 ¥, 2)),

D( (2k+1 Yokt Zaks1) + (aksv Yokav Zaks1) o+ oo (X2ka1 Vars1 Z2k+1) (X2k420 Yo+ 20 Z2k+2))
D((x,y,2),(X,y,2),...(x,y,2),(f(x,y,2),f(y . X,2),f(z,y . X))).D( (X241, Yoka1r Zak+1) + (X2ks1r Vaks1 Z2k+1)
o (K241 Vit 1 Zaks 1), (F (6,3, 2), f (0, %, 2), f (2,9, %)),
D((X,Y,2),(X,Y:2),---(X.Y,2), (X 2k 42, Y2k +2) Z2k+2))}

Taking the limitas k — oo in (3.2.1), we obtain

D((x,y,2),(x,y,2),...(X,y,2),(f(x,y,2),f(y,x,2),f(z,y,x))) < b(n-1) [ Ap (X.X,..xX)+ Ap (V.Y,..Y,Y)+ 4y (2,2,...2,2)]
+b2a max { D((x,Y,2),(X.Y,2),...(x.y,2),(X,y,2)),

D((xy,2),(xy.2),...(x,y,2),(x.y,2)), D((xy,2),(xy.2),...(xy,2),(f(x,y,2),f(y.x,2),f(z,y.))),
D((xy.2),(x.y.2).,...(xy.2),(f(x.y,2).f(y.x,2). f(z,y. X)), D((X.y.2),(X.y,2)....(X.y,2).(X.y,2)) }

=b?a D((X,y,2),(X.Y.2),-..(%.y,2),(f(x.y,2),f(y.x,2).f(z.y.X)))
Since b?a<1, we have

D((x.y.2).(x,y.2)....(x.y.2),(f(x.y.2),f(y.x.2).f(z.y.X)))=0
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= (f(x.y.2).f(y.x,2).5(z,y.x))=(x.y.2)

That is, f(x,y,2)=x, f(y,x,2)=y and f(z,y,x)=z

Therefore (x,y,2) is a tripled fixed point of f.

Similarly we can show that g(x,y,z)=x, g(y,x,z)=y and g(z,y,x)=z

Hence f(x,y,2)=x=g(x,y,2) , f(y,x,2)=y=0(y,x,z) and f(z,y,x)=z=g(z,y,X)

Thus (x,y, z) is a tripled common fixed point of f and g.

Theorem 3.4.Suppose Theorem 3.2 or Theorem 3.3 satisfied,

if further {x,,} is an increasing sequence with

x, — x andx, <u for eachn, thenx< u . Then f and g have a unique tripled common fixed points.
Further more, any fixed point of f is a fixed point of g, and conversely.

Proof.Suppose the given condition holds,

Let (x,y,2) and (u,v,w ) in X X X x X, there exist (x*,y*,z")in X XX x X, that is, comparable to
(x,y,z) and (u,v,w)

D((x,y,2),(x,y,2),...(X,y,2),(u,v,W))= Ap (X,X,...X,u)+ Ap (Y,y,...y,u)+ Ay (z,Z,...2,W)

= Ap (f(x,y,2),f(x,y,2),...f(x,y,2),9(u,v,w))+
Ap(f(y,x,2),f(y,X,2),...f(y,X,2),9(v,u,w))+ A, (f(z,y,X),f(z,y,X),...f(z,y,X),g(W,v,u))

< a max {
D((x,y,2),(X,y,2),...(x,y,2),(u,v,w)),D((X,y,2),(X,Y,2),...(X,y,2),(f(x,y,2),f(y.x,2),f(z,y,X))),D((u,v,w),(u,v,w),...(u,v
W),(9(u,v,w),g(v,u,w),g(w,v,u))), D((x,y,2),(x.y,2),...(x.¥,2),(g(u,v,W),g(v,u,W),g(w,v,u))),
D((u,v,w),(u,v,w),...(u,v,w),(f(x,y,2),f(y.x,2),f(z,y,X)))}

= a max { D((x.y,2),(x,y.2),...(x,y,2),(u,v,w)),D((x.y.2),(X,y.2),...(X.¥,2),(X.Y,2)),
D((u,v,w),(u,v,w),...(u,v,w),(u,v,w)), D((x,y,2),(x,y,2),...(x,y,2),(u,v,w)), D((u,v,w),(u,v,w),...(u,v,w),(X,y,2))}

— P max { D((X,Y,2),(X.Y,2),...(X.y,2),(u,v,w)), D((x,y,2),(x,y,2),-.-(x,y,2),(u,v,w)),
D((u,v,w),(u,v,w),...(u,v,w),(x,y,2))}

< amax { D((xy,2),(x.y.2),...(xy,2),(uv,w)),
D((x.y,2),(6y,2),...(x.y,2),(u,v, W),

b D((xy,2),(X.Y.2),...(x,y,2),(u,v,w))}

= a b D((xy,2),(x.y2),...(x.y,2),(u,v,w))

Since a b <1, so that
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D((x,y,2),(x,y,2),...(X,y,2),(u,v,w))=0
=(X,y,2)=(u,v,w) =x=u, y=v and z=w

Suppose (x,y,z) and (x*,y*,z*) are tripled common fixed points such that x < x* , y > y*and z< z*, then
X=x", y=y*and z=z".

Now D((x,y,2),(X,y,2),...(X,y,2),(x*, y*,z*)) = Ap (X.X,..X,X*)+ Ap(Y,Y,..Y,Y*)+ Ap(2,2,...2,2%)

= Ab (f(X,y,Z),f(X,y,Z),...f(X,y,Z),g(X*,y*,Z*))+ Ab (f(y,X,Z),f(y,X,Z),... f(y,X,Z),g(y*,X*,Z*))"' Ab
(f@yx).f@2y.x)...f(2y.x).9(z*y* x*))

S a max { D((X,y,Z),(X,y,Z),...(X,y,Z),(X*,y*,Z*)), D((X,y,Z),(X,y,Z),...(X,y,Z),(f(X,y,Z),f(y,X,Z),f(z,y,X))),
D(Ox*,y*,2%), (X%, y*,2%),... (x5 y*,2%),(9(x*,y*,2%),g(y* x*,2%),9(z*y* x*))),.D((X,Y,2),(X.y.2),...(X,¥,2), (9 (x*.y
*,2%),9(y* X*,2%),9(2*,y* x*))), D((x*,y*,2%),(x* .y *,2%),... 0c*.y*,2%), (F(x.y,2), f(y.x,2)f(z,yx)))}

= ¢4 max { D((X’ylz)l(x’y’Z)V"(X’y’z)’(x’yYZ))Y D((lelz)’(x’y’z)""(X7y’z)’(x’ylz))1
D((X’ylz)l(xly’z) L (X’y’z)7(x*’y*’z*))’ D((le’z)l(x’ylz) L '(XYyYZ) 1 (X*’y*’z*))’ D((X’y’z)l(xlylz) L '(X7y’z)7(x’y’z))}

< ab D((x*,y*,z%),(x*y*,z%),...(x*\y*,2%),(X,y,2))

Since a b <1, so that

D((x*,y*,2%),0¢*y*,2%),...(x*,y*,2%),(x.y,2))=0

=(x*y*7)=(xy.2)

= x=x* y=y* and z=z*

we show that any fixed point of f is a fixed point of g, and conversely.

That is, to show that (x,y,z) is a fixed point of f <(x,y,z) is a fixed point of g.
Suppose that (x,y,z) is a tripled fixed point of f.
D((x.y,2),(x.y.2),...(x.y,2),(9(X.y,2).9(y.X,2).9(2.y X))

= Ab (f(X,y,Z),f(X,y,Z),...f(X,y,Z),g(X,y,Z))+
Ap(fly.x,2),f(y.x,2),..f(y.x,2).9(y.x.2))+ Ap (f(2,y X).f(2,y X)....£(2.y.X).9(z.y X))

< a«a max { D((x,y,2),(x,y,2),...(x,y,2),(x,y,2)),
D((xy,2),(x,y2),...(x,y,2),(f(x,y,2),f(y,x,2).f(z,y. X)), D((x.y,2),(X.y2)....(x.y.2),(9(x.y,2).9(y.X,2),9(z,y.X))), D((,
Y. X),(%.y,2),...(%,y,2),(9(x,y,2),9(y.%,2),9(z,y X)), D((x.y,2),(x,y.2),...(x.y,2),(F(x,y,2).f(y,x,2),f(z,y. X)) }

= a D((x,y,2),(x.y.2),.--(x,y,2),(9(X,y,2),9(Y.X,2),9(z,y X))

< a b D((9(x.y.2).9(y:x,2).9(2.y . x)).(9(x,y.2).9(y.X,2),9(2.Y X)).-.... (9(X,Y,2).9(Y.X,2).,9(2,y.X)),(X.2))
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Since a b <1, we have

D((9(x,y,2),9(y,%,2),9(z,Y.X)),(9(X,Y,2),9(Y.X,2),8(Z,YX)),-.... (9(X,Y,2),9(Y:X,2),9(z,y,X)),(X,y,2))=0

= (9(x.y,2),9(Y,X,2),9(z,y,X))=(X,y,2)

=x=g(x.y,2), y=g(yx,2) and z=9(z,y.x)

Therefore (x,y, z) is a tripled fixed point of g, and conversely.
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