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1. Introduction

D. Coker [1] introduced the idea of intuitionistic sets for the first time in 1996. In 2017, G.
Sasikala and M. Navaneethakrishnan [5] give the definition of intuitionistic pre open sets in
JTS. In 2021, G. Esther Rathinakani and M. Navaneethakrishnan [2,3,4] gives a new closure
operator in intuitionistic topological spaces and define intuitionistic semi * open set. In 2023,
we [6,7,8] introduced 4P* open and 4P* closed sets in 4TS using the concepts of
intuitionisic interior and intuitionistic generalized closure operators. Also we define gP*-
continuous maps and 4P*- open maps in 4TS.

In this study, we define 4P*- connected spaces using the concepts of gP*O sets. We also
demonstrate that the 4P*- connected space is intermediate between 4P- connected space and
4- connected space.
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Definition 1.1 [1] Let X; be a set that is not empty. An object with the form M, =
<X3,Mi1,Mz>, where My; and My, are subsets of X; satisfying M1 N My = ¢, is known as an
intuitionistic set (S in short). The terms “set of members of M;” and “set of non-members of
M;” refer to the sets My1 and Mz respectively.

Definition 1.2 [1] Assume that X; is a non-empty set, that My = <X;,Mj;,My>, that N; =
<X;,Ny1,Ny2> is an #S’s and that {Mj;i : i € J} be arbitrary family of #S’s. Then,

a) Mj € Ny iff M1 € Njz and M2 2 Njo.

b) M; =N, iff My € Nyand M; 2 N.

c) The complement of M; is defined as My = <Xj, M2, Ma>.

d) U Myi = <X3,U Miiz,N Miiz> and N Mii = <X3,N Miiz,U Miiz>.

e) M;—N;=M; N NS~

f) $1= <X5,0,X> and X = <X3,X5,0>.

Definition 1.3 [1] Assume that X; is a non-empty set and 1 is the set of #S’s of X; then 1 is
known as an intuitionistic topology (4T in short) on X; if it meets the criteria listed below:

1) X|, (.1.)| € 1.

2) M; N N; € 1) for every My, Ny € 1.

3) U M;i € 1, for any arbitrary family {M;; : i € J} S 1.

The pair (X5,m) is referred to as intuitionistic topological space (¢TS in short) and
intuitionistic open set (#OS in short) in X; is referred to as S in 1. The intuitionistic closed
set (4CS in short) in X; is regarded as the counterpart of ,ZOS in X;.

Definition 1.4 [1] If (X5,7) is a 4TS and M; is a S in X; then the definition of the - interior
operator of M; and the 4~ closure operator of M, are as follows: (i) Zint(M;) = U {Nj: Ny is
JOSinX; & My 2 Ng}. (i) gel(My) =N {N;:Njis 4CSinX; & M; € Nj}.

Definition 1.5 [2] If (X5,11) is an 4TS and a S M, is known as the 7g- closed set if Zcl(M,)
c U; whenever M; € U; and U; is OS in X;. The 4g — open set in X; is known as the 4g-
closed set’s counterpart.

Definition 1.6 [2] If (X;,u)) is an ZTS and M, be a S in X; then the definition of
a) 49- closure of My is, gcI*(Mj) =N {N;: N;is £g- CS in X; & M; S Nj}.
b) 49- interior of Mj is, Zint*(Mj) = U {N3: Ny is 4g- OS in X; & M 2 Nj}.

Definition 1.7 [5,7] If (Xs,u1) is an 4TS and a S M, in X; is known as the

a) PO set if M; € gint(gcl(M,)). The #PC set in X; is the #PO set’s counterpart.

b) JP*0 set if M; € gint(gcl*(My)). The 4P*C set in X; is the #P*O set’s counterpart.
c) JR*0 set if My = gint(gcl*(My)). The g#*C set in X; is the ZR*O set’s
counterpart.

Definition 1.8 [5] If (Xi,u1) is an #TS and a S M; in X; is known as the #P*- regular set if it
is both 4P*0O and gP*C set.

Theorem 1.9 [5] If (Xs,ti7) is an 4TS then,

a) Every 40 setis JP*O set.

b) Every 4C setis 4P*C set.

C) Every gP*O set is PO set.

d) Every gP*C set is 4PC set.
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e) Every g#*0O set is 4P*O set.

f) Every g#*C set is gP*C set.

9) Arbitrary union of gP*O sets is ZP*O set.
h) Intersection of gP*C sets is JP*C set.

Definition 1.10 Let (X;,tir) be an #TS. Then (Xy,7r7) is called the

a) 4- connected space if X; cannot be expressed as the union of two disjoint nonempty
4O sets in X;.

b) 4P- connected space if X; cannot be expressed as the union of two disjoint nonempty
4PO sets in X..

C) JR*- connected space if X; cannot be expressed as the union of two disjoint
nonempty Z#*O sets in X,.

Definition 1.11 [6,8] Let f;: X; — Yy is said to be

a) ZP*- continuous map if f1(Vy) is #P*O set in X; for every 4O set Vyin Y.

b) ZP*-irresolute map if f;1(Vy) is #P*O set in X; for every ZP*O set Vyin Ya.

c) Contra P*- continuous map if fi(V,) is 4P*C set in X; for every 4O set Vyin Ya.
d) Contra 4P*- irresolute map if fi1(Vy) is #P*C set in X; for every 4P*O set V;in Y.
e) ZP*- open map if f3(Vy) is ZP*O set in Y; for every JO set Vyin X;.

f) ZP*- closed map if fi(V,) is #P*C set in Y; for every 4C set Vyin X,.

9) Pre #P*- open map if f;(Vy) is #P*O set in Y; for every 4P*O set V;in X,.

h) Pre #P*- closed map if (V) is #P*C set in Y; for every ZP*C set V;in X.

Theorem 1.12 [6] Let f; : X; — Y; be a map then the followings are holds,
a) Every 4P*- Irresolute map is gP*- continuous map.
b) Every Contra gP*- Irresolute map is Contra ¢P*- continuous map.

2. Intuitionistic Pre * Connected Spaces

Definition — 2.1. Let (X3,tiT) be an #TS. Then (Xi,ur) is called the 4P*- disconnected if there
exists an ZP*O sets My # ¢i and Ny # i such that My U Ny = X and My N Ny = .

Definition — 2.2. Let (X3,7i7) be an #TS. Then (X5,t7) is called the #P*- connected if it is not
an #P*- disconnected. (i.e), X; cannot be expressed as the union of two disjoint nonempty
4P*0 sets in X; is called the #P*- connected.

Example — 2.3. Let X; = {axj,bxj,Cx}. Consider the 4T, ur = {X, éf)|,<XJ,{axj},{bxj}>,
<XJ,{bxj},{ij}>,<XJ,{axj,bxj},(1)>,<XJ,(1),{bxj,ij}>} then gP*O(XJ) {Xh (.l.)|’< )\(J,(b,{bxj,cxj}>,
<Xy,{ax,bxi} 0>, <Xo.{axi} . {bxi}> <Ko, {bxi} {cxi}>,<Xo.{axi} {bxi,xi}>, <Xo.{axi bk} {cxi}>}-
Clearly (X;,ur) is #P*- connected space.

Theorem — 2.4. Let (X3,TiT) be an 4TS then the followings are hold.

a) Every gP*- connected is - connected.

b) Every gP*- connected is 4%*- connected.

C) Every 4P- connected is gP*- connected.

Proof: (a) Let X; be a #P*- connected. To prove, X; is 4~ connected. Suppose X; is 4~
disconnected then there exists nonempty disjoint 7O sets My and N, such that X, = M; U Nj.
Since M; and N; are 4O sets then M; and N; are gP*O sets. Therefore, X; is ZP*-
disconnected. This is contradiction to our assumption. Hence X; is - connected.
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(b) Let X; be a #P*- connected. To prove, X; is J%*- connected. Suppose X is J&*-
disconnected then there exists nonempty disjoint Z22*O sets My and N; such that X, = M U
N. Since M; and N; are Z%*O sets then M; and N, are #P*O sets. Therefore, X; is gP*-
disconnected. This is contradiction to our assumption. Hence X; is 4%*- connected.

(c) Let X, be a 4P- connected. To prove, X; is #P*- connected. Suppose X; is 4P*-
disconnected then there exists nonempty disjoint #P*O sets My and N; such that X; = M; U
N;. Since M; and Nj are ZP*O sets then My and N; are #PO sets. Therefore, X; is #P-
disconnected. This is contradiction to our assumption. Hence X; is #P*- connected.

The converse of the above theorems need not be true as shows in the following example.

Example — 2.5. Let X; = {axj,bxj}. Consider the 4T, ur = {Xi, d1,<Xs.{axi},d>,<Xs,{bxi},d>,
<Xub.9>} then gP*OX)) = {Xi, d.<Xofax}.0> <Ko {bx}.d><Kub.d><Xi{aq}.{bx}>,
<X, {bx}{ax}>}. Clearly (X,ur) is 4~ connected space. But <X;{ax}.{ox!> # ¢ #
<Xo{bu}{ax}> and <Xifaq}{bx}> U <Xi{bgt{a> = Xi. Also, <X{ag}{bg}> N
<Xi3,{bx}.{axj}> = &1. Therefore, X; is gP*- disconnected space.

Example — 2.6. In example — 2.5, g®@*0X)) = {Xi, $1,<X5,d,p>}. Clearly, X; is gR*-
connected space but not a 4#P*- connected space.

Example — 2.7. Let X; = {aj,bxj,Cxj}. Consider the 4T, ur = {Xi, P1,<Xs{ax}.{cx}>,
<Xi{ox}{anbx}><Xo{ax.cab.0>}  then  gP*OXy) = {Xi, dn<Xifaq}.{cx}>,
<Xs,{ax}.{bx.cx}>, <XJ7{CXJ} {aXJabXJ}> <XJ1{aX11CXJ} {bxi}><Xs.{axi} > <Xs.{ax,Cxi},p>} and
JPOX)) = {Xi, §1,<Kub, >, <X, (b} <Ko, (i} <Ko {bx} {a}> <X {ox} {bx}>,
<Xy,0, {axj,bxi}>,<X1,d, {bxj,cxi}> <X, {axi} {bxi}> <Xs,{ax} {cx}> <Xs,{bxj,Cxi} {axi}> <X, {ax;
§.0>,<Xo{bxi} 0>, <Xs,{axi} {bxi, 03> <Xo{Cxi} >, <Ko, {0} {axi.bxi}>, <Xu,{ax,0xi} {bxi}> <X
5 {axj,bxi ¥, 0>, <X5,{bxi,Cxi},d>,<Xs,{axj,Cx} ,d>}. Clearly, X; is #P*- connected spaces. But,
<Xs{ax}{bx.0x}> # b1 # <Xo,{bxj,0x} {ag}> and <Xy, {ax} {bx,cx}> U <Xo,{bx,cxi}{a}> =
Xi. Also, <Xj{ax}.{bx;,cx}> N <X5,{bxj,Cxi}.{axi}> = 1. Therefore, X; is #P- disconnected
space.

Theorem — 2.8. An 4TS (X;,ur) has the only #P*0 and 4P*C sets are ¢ and X, itself then
(X5,TiT) is an #P*- connected.

Proof: Let ¢ and X are both 4P*O and ZP*C sets in X;. To prove, X is #P*- connected.
Suppose X; is ZP*- disconnected then there exists nonempty disjoint ZP*O sets My and N;
such that X; = My U N,. Therefore, My = N is #P*C set. Hence, M; is both 4P*O and 4P*C
set. This is contradiction to our assumption. Hence X; is #P*- connected.

The converse of the above theorem need not be true as shows in the following example.
Example — 2.9. Let X; = {axj,bxj}. Consider the T, ur = {Xi, $1,<X1,0, {bx}>,<X1,{bxj}, 0>}
then #P*O(X;) = ur. Clearly X; is #P*- connected space but <Xy,¢,{bx}> is both #P*O and
4P*C setin X,.

Theorem — 2.10. Let (X, m) & (Y3,0i1) be two gTS and f; : (Xo,ur) — (Ys,017) be surjection
JP*- Continuous Map then Y, is #- connected if X; is 4P*- connected.

Proof: Suppose Y, is - disconnected then there exists nonempty disjoint 4O sets M; and N;
such that Yy = My U N;. Since fis J#P*- continuous. Therefore, fJ‘l(MJ) and f;Y(N;) are #P*O
sets in Xj. Since, My # ¢1 and N; # i then f71(My) # &1 and F35(Ny) # . Since, ¥1= My U Na.
Therefore, 1Y) = X = fy1(My) U f51(Ny). Also, f1(My) N £571(Ny) = f73(My N Ny) = fy 1((1)|)
= ¢1. Therefore, X; is #P*- disconnected. This is contradiction to our assumption. Hence Y; is
4- connected.
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Corollary — 2.11. Let (X5,ur) & (Y3,0im) be two TS and f; : (X5,ur) — (Y1,007) be surjection
JP*- Irresolute Map then Y; is - connected if X; is #P*- connected.

Proof: Let f; : (Xs,ur) — (Ys,07) be a surjection gP*- Irresolute Map and X; be an #P*-
connected space. We know that, every 4P*- irresolute map is 4P*- continuous map then by
theorem — 2.10, Y; is 4- connected.

Theorem — 2.12. Let (X5,ur) & (Ys,0i7) be two 4TS and f; : (X5,ur) — (Ys,007) be surjection
JP*- Irresolute Map then Y; is #P*- connected if X; is 4P*- connected.

Proof: Suppose Y; is #P*- disconnected then there exists nonempty disjoint #P*O sets M,
and N; such that Y; = My U N;. Therefore, My = N, is #P*- regular set in Y,. Since, f; is 4P*-
irresolute map. Therefore, f;1(M;) is ZP*- regular set in X;. By theorem — 2.8, X; is 4P*-
disconnected. This is contradiction to our assumption. Hence Y; is #P*- connected.

Theorem — 2.13. Let (X5,ur) & (Ys,0im) be two 4TS and f; : (X5,1ir) — (Y3,0im) be injection
Pre 4P*- open and Pre #P*- closed Map then X; is #P*- connected if Y is #P*- connected.
Proof: Suppose X; is #P*- disconnected then there exists nonempty disjoint ZP*O sets M;
and N; such that X; = My U N,. Therefore, M; = N;¢ is #P*C set. Hence, Mj is both #P*O and
JP*C set in Xy. Since, f; is both Pre 4P*- open and Pre 4P*- closed map. Therefore, f3(M,)
is 4P*- regular set in Y;. By theorem — 2.8, Y; is #P*- disconnected. This is contradiction to
our assumption. Hence X; is #P*- connected.

Theorem — 2.14. Let (X5,ur) & (Ya,017) be two 4TS and f; : (X5, ir) — (Ys,0im) be injection
4P*- open and #P*- closed Map then X; is - connected if Y, is #P*- connected.

Proof: Suppose X; is - disconnected then there exists nonempty disjoint O sets My and N;
such that X, = My U Nj. Therefore, My = Ni° is both 4O and 4C set in X;. Hence, M; is both
JP*0 and ZP*C set in Xy. Since, f; is both #P*- open and #P*- closed map. Therefore,
fi(My) is gP*- regular set in Y. By theorem — 2.8, Y is #P*- disconnected. This is
contradiction to our assumption. Hence X; is 4~ connected.

Theorem — 2.15. Let (X5,ur) & (Ya,011) be two 4TS and f; : (Xs,ur) — (Y,0im) be onto Contra
ZP*- continuous Map then Y; is 4~ connected if X; is #P*- connected.

Proof: Suppose Y; is - disconnected then there exists nonempty disjoint O sets My and N,
such that Y1 = M; U Nj. Therefore, My = N;° is both 4O and 4C set in Y,. Since, f; is Contra
JP*- continuous map. Therefore, fy1(M;) is #P*- regular set in X;. By theorem — 2.8, X; is
gP*- disconnected. This is contradiction to our assumption. Hence Y; is .4~ connected.
Theorem — 2.16. Let (X;,ur) & (Ys,0ir) be two 4TS and f; : (X5,ur) — (Ys,0im) be onto
Contra 4P*- Irresolute Map then Y is #- connected if X; is 4P*- connected.

Proof: Let f; : (Xs,ur) — (Ya,0i1) be a Contra 4P*- Irresolute Map. Therefore, f; is Contra
ZP*- continuous map. Since, X; be a #P*- connected space then by theorem — 2.10, Y; is 4~
connected.

3. Conclusion
We discussed the some of the properties of #P*— connected spaces in this paper. We intend
to conduct research in the future 4P* Cs — connected space, 4P*— connected sets, gP* —
compact space, 4P* — normal space and so on.
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