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1. Introduction 

Optimization is the process of finding the greatest or least value of a function for some constraint, which 

must be true regardless of the solution. In other words, optimization finds the most suitable value for a 

function within a given domain. In mathematical terms, an optimization problem is the problem of finding 

the best solution from among the set of all possible solutions. In other words, optimization means finding an 

alternative with the most cost effective or highest achievable performance under the given constraints, by 

maximizing desired factors and minimizing undesired ones. The objective is to find the solution to a 

predefined objective function via an iterative process, towards an optimal value. In optimization problems, a 

mathematical representation of the objective function is clearly defined along with its constraints [1]. 

In an optimization problem, the solution technique or algorithms used for optimization is determined by the 

types of mathematical relationships between the objective and constraints and the decision variables. 
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Categorizing the optimization model is a significant stride in the optimization process, as algorithms for 

solving optimization problems are bespoke to a particular type of problem.  

If the variables can take any value in within a given range, then it is called continuous optimization. 

Continuous optimization can further be categorized as unconstrained optimization, where there is no 

constraint on the variables, and constrained optimization, where there are constraints on the variables. In 

discrete optimization, some or all the variables can take a value from a discrete set of values. 

In this paper we introduce a new, efficient, distributed as well as parallel computing strategy for exponential 

(10n) search space with the above objectives. The results shows that the proposed technique is really 

efficient in terms of time and suitable for highly distributed and parallel environment and is found to provide 

better results. But describing the proposed technique, some we have discussed some important points. 

The organization of this article is as follows, Section 2 depicts problem with existing methods. Section 3 

describes the proposed technique. Some Benchmark functions are used for optimization using proposed 

technique and comparative studies have been observed in section 4. Section 5 contains the conclusion. 

2. Problems with existing methods 

While there exists a plethora of algorithms in the literature suitable for solving optimization problems, none 

of them offer a universal solution applicable to all scenarios [2]. Certain algorithms may excel in specific 

problem domains while faltering in others [3] [5]. 

One such algorithm, the Genetic Algorithm (GA) [9], leverages principles from natural genetics to facilitate 

function optimization. Despite its utility, GA is not without its drawbacks. Notably, GA relies on numerous 

tunable parameters, and while some guidelines exist for parameter selection, there is no definitive method 

for choosing these values. Consequently, executing GA for the same problem can yield vastly different 

outcomes with the same number of iterations or generations. Although GA [12] is renowned for providing 

optimal solutions as iterations approach infinity, practical constraints necessitate terminating the process 

after a finite number of iterations [4]. This limitation compels users to fine-tune parameter values. GA 

initiates with a population of randomly generated solutions, with subsequent iterations generating a new 

population through selection, crossover, and mutation operations [8]. Ultimately, this process yields a 

population of solutions. 

3. Proposed Technique 

In this paper we have proposed a technique to optimize some benchmark functions for exponential (10n) 

search space. So the optimal value obtained is always a decimal integer. The proposed algorithm is fast, and 

suitable for highly distributed and parallel environment.  

The algorithm starts with an initial population of distinct solutions. As the algorithm proceeds, we always 

get a distinct population of solutions at each generation. The process is repeated until the whole search space 

is covered. No point appeared more than once which saves the execution time. Besides, it always finds 

distinct points in the search space and hence increases the possibility of getting good results. 

In the proposed searching technique the entire search space is split in to several subsets. The number of 

subset is a function of the length of the search space. For example if the length of the string to be searched is 

three, then the size of the search space is 103=1000. This search space is divided in to 170 subsets. Among 

them, 165 subsets contain 6 elements each and rest 5 subsets contain 2 elements each. The technique of 

dividing the search space in to subsets has been explained later. So the searching of the element can be 

performed from 170 different search points and the process of searching the element from those 170 search 

points can be performed in parallel.  
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The initial search points start from n number of 0’s. That is, if the size of the search space is 103, then the 

starting search point (which has been termed as Generator later) is 000. Then the other initial search points 

are obtained using some algorithm.  

The most important issues are how to get the starting search points and what operators are to be used to get 

the distinct solutions. In this section we will describe an illustrative example that will help us to understand 

the whole investigative work throughout the paper. 

The notations used are as below: 

Si = String of length n 

D = Total search Space = 10n 

G = Total number of Normal Generators 

E = Total number of Exceptional Generators 

αk = Maximum value of normal generator for k digit decimal string 

A decimal coded string of length n is used as a representation of each search point. Each string S in the 

search space D is of the form S= (d1, d2… dn), where di € {0, 1, 2…9},  i.  The total number of strings in 

decimal representation is 10n. We propose to find the optimal string(s) among these strings. A finite and 

distinct sample of initial solutions, each of length n, is drawn from D (10n) to form the initial population P. 

To incorporate variation within the solutions, a Rotate Left and Complement operator (RLC) has been used 

[9] [13]. The RLC operator is described below: 

Suppose we have a solution si of length is 5 (n = 5) at instance t. Let it be si = 02341. Using the RLC 

operator, it is possible to generate 2 × n = 2 × 5 = 10 different solutions (including si) from a single solution 

si. 

The string 02341 produces 23419 using RLC operator. The underlined portion of the string is shifted 1 

position to the left and 9’s complement of the left most digit of the old string is placed at the unit position of 

the new string. Thus the generated strings are 23419, 34197, 41976, 19765, 97658, 76580, 65802, 58023, 

80234 over (2*n-1) iterations. The process of generating strings is stopped when the initial string comes 

back. Thus from a search string of length n, we can obtain (2*n-1) new distinct search strings using the RLC 

operator. The string 02341 is called a Normal Generator, as it can generate (2*n-1) number of distinct 

strings. If RLC operator is applied on a string generated from the normal generator, then the same strings are 

generated which have already been generated from the normal generator. For any particular value of n, there 

are a fixed number of normal generators. A string is said to be an Exceptional Generator if it does not 

produce (2*n − 1) different strings by successive application of RLC operator. Table 1 depicts an example of 

normal and exceptional generators for n=1, 2, 3. 

Table 1 

Normal and Exceptional Generators  

String 

Length 
Values of Normal Generator 

Values of 

Exceptional 

Generator 

1 0,1,2,3.4 Nil 

2 
 0,1 ,2 ,3 ,4 ,5 ,6 ,7 ,8 ,11 ,12 ,13 ,14 ,15 ,16 ,17 ,22 ,23 ,24 ,25 

,26 ,33 ,34 ,35 ,44 
Nil 

3 

0, 1, 2, 3, 4, 5 ,6 ,7 ,8 ,10 ,11 ,12 ,13 ,14 ,15 ,16 ,17 ,18 ,20 ,21 

,22 ,23 ,24 ,25 ,26 ,27 ,28 ,30 ,31 ,32 ,33 ,34 ,35 ,36 ,37 ,38 ,40 

,41 ,42 ,43 ,44 ,45 ,46 ,47 ,48 ,50 ,51 ,52 ,53 ,54 ,55 ,56 ,57 ,58 

,60 ,61 ,62 ,63 ,64 ,65 ,66 ,67 ,68 ,70 ,71 ,72 ,73 ,74 ,75 ,76 ,77 

090, 181, 

272, 363, 454 
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,78 ,80 ,81 ,82 ,83 ,84 ,85 ,86 ,87 ,88 ,111 ,112 ,113 ,114 ,115 

,116 ,117 ,121 ,122 ,123 ,124 ,125 ,126 ,127 ,131 ,132 ,133 

,134 ,135 ,136 ,137 ,141 ,142 ,143 ,144 ,145 ,146 ,147 ,151 

,152 ,153 ,154 ,155 ,156 ,157 ,161 ,162 ,163 ,164 ,165 ,166 

,167 ,171 ,172 ,173 ,174 ,175 ,176 ,177 ,222 ,223 ,224 ,225 

,226 ,232 ,233 ,234 ,235 ,236 ,242 ,243 ,244 ,245 ,246 ,252 

,253 ,254 ,255 ,256 ,262 ,263 ,264 ,265 ,266 ,333 ,334 ,335 

,343 ,344 ,345 ,353 ,354, 355, 444 

There are 1000 points in the search space for string length 3. Here we find that only 170 (165 normal and 5 

exceptional) generators are enough to traverse the whole 103 = 1000 search points in parallel. Note that no 

point is common between any two sets of points generated by any two of the above 170 generators.  

Table 2, depicts the string length (n) and corresponding number of normal generators and exceptional 

generators. 

Table-2 

Number of Normal and Exceptional Generators 

String 

Length 

No. of Normal 

Generator 

No. of Exceptional 

Generator 

1 5 0 

2 25 0 

3 165 5 

4 1250 0 

5 9999 5 

6 83325 25 

7 714285 5 

8 6250000 0 

9 555555500 170 

From the table we find that as the string length is increased, the number of generators is also increasing 

almost exponentially. 

Table 3 provides the number of normal generators needed for searching the space. It is self -explanatory. 

Total search space = number of normal generators × number of iteration for normal generator + number. of 

exceptional normal generators × no. of points to be searched by exceptional generators. For example, for a 

string of length 5, we need 10004 generators (9999 normal and 5 exceptional) to traverse 105 = 100000 

points in parallel.  

Table 3 

Number of generators for string length n 

String 

Length 

(n) 

Size of Search Space 

Basen= x*a + y*b 

No. of 

Normal 

Generator 

(x) 

No of 

Iteration 

for 

Normal 

Generator 

(a) 

No. of 

Exceptional 

Generator 

(y) 

No of 

Iteration 

for 

Exceptional 

Generator 

(b) 

1 101 = 5*2 + 0 5 2 0 0 

2 102 = 25*4 + 0 25 4 0 0 

3 103 = (165*6) + (5*2) 165 6 5 2 

4 104 = (1250*8) + (0*0) 1250 8 0 0 

5 105 = (9999*10) + (5*2) 9999 10 5 2 
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6 
106 = (83325*12) + 

(25*4) 
83325 12 25 4 

7 
107 = (714285*14) + 

(5*2) 
714285 14 5 2 

8 
108 = (6250000*16) + 

(0*0) 
6250000 16 0 0 

9 
109 = (555555500*18) 

+ (5*2)+(165*6) 
555555500 18 170 

165 6 

5 2 

The maximum value of Normal Generator for string of length n can be represented as a function of string 

length (n) and the maximum value of Normal Generator for string of length n-1. 

Let the maximum value of normal generator is αn where n is the length of the string. The minimum string 

length is 1 and it has been extended up to 10. The maximum value normal generator is calculated according 

to the following formula: 

• αn = 10* αn-1 + 4  When n>2 and n is an Odd number  

• αn = 10* (αn-1 +1) + 4  When n>2 and n is an Even number 

For example: 

• α0 = 0 

• α1 = 10* α0 + 4 = 10*0 + 4 = 4 

• α2 = 10* α1 + 4 = 10*4 + 4 = 44 

• α3 = 10* α2 + 4 = 10*44 + 4 = 444 

• α4 = 10* (α3 +1) +4 = 10*(444 + 1) + 4 = 4454 n>3 and n is an even number 

• α5 = 10* α4  +4 = 10*4454 + 4 = 44544  

• α6 = 10* (α5 +1) +4 = 10*(44544 + 1) + 4 = 445454  n>3 and n is an even number 

Table 4 enlists the string length and the corresponding maximum value of normal generator. 

Table 4 

Maximum value of Normal Generator 

String 

Length 

Maximum value of 

Normal Generator 

1 4 

2 44 

3 444 

4 4454 

5 44544 

6 445454 

7 4454544 

8 44545454 

9 445454544 

The feature to be noted that, except the maximum value of normal generator of string length 4, 6 and 8; all 

other maximum value of normal generators are palindrome. 

It has already been mentioned that a string is said to be an Exceptional Generator if it does not produce 

(2*n − 1) different strings by successive application of RLC operator. For different string length, number of 
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exceptional generator is also different. The following features of exceptional generators have been 

exhaustively examined: 

i) For string length 2i, i=0, 1, 2, 3… number of exceptional generator is 0. 

ii) If the string length is an odd number (string length ≥2 and string length ≤7), then there is always 

five (5) numbers of exceptional generators. From the observation, the formula to find out the tth 

exceptional generator of string length n is given below: 

tth exceptional generator = 𝐭 × ∑ (𝟗 × 𝟏𝟎𝐧−𝐢 + (𝐭 − 𝟏))𝐧−𝐢
𝐢=𝟐,𝟒,𝟔,..  

Where-𝒕 ≥ 𝟏 and 𝒕 ≤ 𝟓 and 𝒏 − 𝒊 ≥ 𝟏 

iii) There is a very interesting point to be noted that, all the above Exceptional Generators are 

palindrome number. 

iv) There is a relation between two consecutive exceptional generators: 

▪ The common difference between two consecutive Exceptional Generators of string length 3 is 91. 

▪ The common difference between two consecutive Exceptional Generators of string length 5 is 

9091. 

▪ The common difference between two consecutive Exceptional Generators of string length 7 is 

909091. 

v) There are 170 Exceptional Generators of length 9. Among them, 165 have 6 iterations and rest 5 has 

2 iterations. 

Table 5 contains the exceptional generators of string length 3, 5 and 7: 

Table 5 

Exceptional Generators 

String Length Exceptional Generators 

3 090, 181, 272, 363, 454 

5 09090, 18181, 27272, 36363, 45454 

7 0909090, 1818181, 2727272, 3636363, 4545454 

Proposed exhaustive parallel search algorithm 

We begin with P, generator starting from 0 and until it reaches up to the maximum value, i.e.𝛼𝑛. Each 

generator is allowed to repeat for 2n iteration.  

We have stored all the populations in a file (FP). We then increment the counter by 1 and check whether it is 

present in file or not. If present then increment by 1 and so on. 

The Proposed exhaustive parallel search algorithm: 

1. For length n, i=0 to Max_Value (𝛼𝑛), (for normal generators) increment by 1(checked in stored 

population file FP) excluding the numbers whose unit value is 9. 

2. Repeat for 2n times by applying RLC operator on P. 

3. Repeat step 2 for exceptional generators. 

4. Print results. 

We have used one processor for the above algorithm. For the purpose of parallel implementation, we 

would like to use at least two processors to reduce the computational time. Our algorithm is divided 

into two independent modules that can be easily executed in parallel. 
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Processor 1: 

1. For i=0 to m (for normal generators) increment by 1(checked in stored population file FP1) 

excluding the numbers whose unit value is 9. 

2. Repeat for 2n times by applying RLC operator on P. 

3. Repeat step 2 for exceptional generators. 

4. Print results. 

 

Processor 2: 

1. For i=m+1 to Max_Value (𝛼𝑛) (for normal generators) increment by 1(checked in stored population 

file FP2) excluding the numbers whose unit value is 9. 

2. Repeat for 2n times by applying RLC operator on P. 

3. Repeat step 2 for exceptional generators. 

4. Print results. 

 

Remarks: 

1. Here m is the boundary between the processors for distributing the work load among them. Both the 

processors may function independent of each other. 

2. For p>2, it can be suitably changed the value of m for parallel implementation. 

4. Results and comparative studies  

The above stated technique has been used to optimize a set of equations or benchmark functions [10] [11] 

[14]. The problem domain size and optimal solution are denoted by Lb ≤ xi ≤ Ub and f (x∗) = f(x1 ...xn), 

respectively. The symbols Lb and Ub represent lower, upper bound of the variables, respectively. As we are 

dealing with decimal numbers, so according to our method, xi lies between 0 and 9, i.e. Lb=0 and Ub=9. For 

future reference, this lower bound and upper is denoted by Lbd and Rbd. So Lbd =0 and Ubd. =9. 

If Lbd ≥ Lb of the given function and Ubd ≤ Ub of the given function, then value of xi falls within the given 

lower and upper bound. For example, in Ackley 2 Function, Lb is -32 and Ub is 32. As Lbd =0 and Ubd. =9, 

so the value of xi also resides within the given range 

But there are so many objective functions [18] [19] where either Lbd < Lb of the given function or Ubd > Ub 

of the given function. For example, in Beale Function, the lower and upper bound of xi is -4.5 and 4.5 

respectively. So many other objective functions have the same criteria. In those circumstances, the lower and 

upper bound is mapped accordingly using the following formula [12]: 

𝑥𝑖 = 𝐿𝑏 +
𝑥𝑘

10𝑛 − 1
 (𝑈𝑏 − 𝐿𝑏) 

Where n is the string length, 𝑥𝑘 is the value according to our range. We can attain the following properties 

by using the above mapping formula: 

(i) The parameters can take both positive and negative values. 

(ii) By using strings of different lengths, the parameters may have different exactitudes. 

The initial value to optimize an equation is taken as 0 and number of 0’s depends on the number of variables 

of the function. For example, we consider the Ackley Function 2.  

−200𝑒
−0.02√𝑥1

2+𝑥2
2

 

The function contains two variables; x1 and x2. So size of the search space is 102=100. Hence the initial 

value of x1 and x2 is considered as 0, 0. The other values of x1 and x2 for optimization of the function are 

obtained from (0, 0) using the RLC operator. As there is 25 normal generators of string length 2, so 
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searching of optimum solution can be accomplished in parallel starting from those normal generators. As 

previously stated, if string length is 2n, (n>=0), there is no exceptional generator. Hence, if the function 

contains 3, 5, 6, 7 or 9 variables, then searching for the optimum solution also takes place from the 

exceptional generators. 

The following table states the values of each Benchmark functions [11] [14] [17] with their search domain, 

global optimum values and optimum values obtained by the proposed algorithm. Here in this table the first 

column depicts the name of the Benchmark functions [15] [16]. The next column contains the function 

itself; the third one specifies the range. The next column with the data format f(x, y) =z represents that the 

function f has the global optimum at the points(x, y) and its optimum value at that point is z. The last column 

is stating the optimum value obtained by the proposed algorithm and that point in which it is located. 

Table 6: 

Comparative studies of optimum value obtained by GA and Proposed Algorithm 

Function 

Name 
Function Domain 

Optimum value by 

Genetic Algorithm 

Optimum values 

obtained by the 

proposed algorithm 

Ackley 

Function 2 −200𝑒
−0.02√𝑥1

2+𝑥2
2

 
−32 ≤ xi ≤ 

32. 

x∗ = (0, 0), 

f(x∗) = −200 

x∗ = (0, 0), 

f(x∗) = −200 

Adjiman 

Function 

𝑓(𝑥) = cos(𝑥1) sin(𝑥2)

−
𝑥1

𝑥2
2 + 1

 

−1 ≤ x1 ≤ 

2, 

−1 ≤ x2 ≤ 

1. 

x∗ =(2, 0.10578), f(x∗) = 

−2.02181 

x∗ =(2, 0.11111), 

 f(x∗) = −2.02175 

Bartels Conn 

Function 

𝑓(𝑥)
= |𝑥1

2 + 𝑥2
2 + 𝑥1𝑥2|

+ |sin 𝑥1| + |cos 𝑥2| 

−500 ≤ xi 

≤ 500 

x∗ = (0, 0),  

f(x∗) = 1 

x∗ = (0, 0), 

 f(x∗) = 1 

Beale 

Function 

𝑓(𝑥)
= (1.5 −  𝑥1 + 𝑥1𝑥2)2

+ (2.25 − 𝑥1 + 𝑥1𝑥2
2)2

+ (2.625 − 𝑥1

+ 𝑥1𝑥2
3)2 

−4.5 ≤  xi 

≤ 4.5 

x∗ = (3, 0.5),  

f(x∗) = 0 

x∗ = (3.5, 0.5),  

f(x∗) = 0.39453125 

Bohachevsky 

1 Function 

𝑓(𝑥)
= 𝑥1

2 + 2𝑥2
2

− 0.3 cos(3𝜋𝑥1)
− 0.4 cos(4𝜋𝑥2) + 0.7 

−100 ≤ xi 

≤ 100 

x∗ = (0, 0), 

 f(x∗) = 0 

x∗ = (0, 0),  

f(x∗) = 0 

Bohachevsky 

2 Function 

𝑓(𝑥)
= 𝑥1

2 + 2𝑥2
2

− 0.3 cos(3𝜋𝑥1)
∗ 0.4 cos(4𝜋𝑥2) + 0.3 

−100 ≤ xi 

≤ 100 

x∗ = (0, 0),  

f(x∗) = 0 

x∗ = (0, 0), 

 f(x∗) = 0.18 

Bohachevsky 

3 Function 

𝑓(𝑥)
= 𝑥1

2 + 2𝑥2
2

− 0.3 cos(3𝜋𝑥1

+ 4𝜋𝑥2) + 0.3 

−100 ≤ xi 

≤ 100 

x∗ = (0, 0),  

f(x∗) = 0 

x∗ = (0, 0),  

f(x∗) = 0 

Booth 

Function 

𝑓(𝑥) = (𝑥1 + 2𝑥2

− 7)2

+ (2𝑥1

+ 𝑥2

− 5)2 

−10 ≤ xi ≤ 

10 

x∗ = (1, 3), 

f(x∗) = 0 

x∗ = (1, 3), 

f(x∗) = 0 
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Booth 

Function 

𝑓(𝑥) = (x1 + 2x2 − 7)2 

+ (2x1 + x2 − 5)2 

−10 ≤ xi ≤ 

10 

x∗ = f(1, 3), 

 f(x∗) = 0 

x∗ = f(1, 3),  

f(x∗) = 0 

Bukin 2 

Function 

𝑓(𝑥)
= 100(𝑥2 − 0.01𝑥1

2

+ 1) + 0.01(𝑥1 + 10)2 

−15 ≤ x1 ≤ 

−5 

−3 ≤ x2 ≤ 

−3 

x∗ = (-10, 0), 

f(x∗) = 0 

x∗ = (-15, -3), 

f(x∗) = -424.75 

Camel 

Function – 

Three Hump 

𝑓(𝑥) = 2𝑥1
2 − 1.05𝑥1

4

+
𝑥1

6

6
+ 𝑥1𝑥2

+ 𝑥2
2 

Subject to 

−5 ≤ xi ≤ 5 

x∗ = f(0, 0),  

f(x∗) = 0 

x∗ = f(1.66667,-

0.55554),  

f(x∗) = 0.408664 

Chung 

Reynolds 

Function 
𝑓(𝑥) = (∑ 𝑥𝑖

2

𝐷

𝑖=1

)

2

 
−100 ≤ xi 

≤ 100 

x∗ = (0,… 0),  

f(x∗) = 0 

x∗ = (0,…0),  

f(x∗) = 0 

Colville 

Function 

𝑓(𝑥)
= 100(𝑥1 − 𝑥2

2)2

+ (1 − 𝑥1)2

+ 90(𝑥4 − 𝑥3
2)2

+ (1 − 𝑥3)2

+ 10.1[(𝑥2 − 1)2

+ (𝑥4 − 1)2]
+ 19.8(𝑥2 − 1)(𝑥4

− 1) 

Subject to 

−10 ≤ xi ≤ 

10 

x∗ = f(1, · · · , 1), f(x∗) = 0 
x∗ = f(1, · · · , 1),  

f(x∗) = 0 

Cube 

Function 

𝑓(𝑥) = 100(𝑥2 − 𝑥1
3)2

+ (1
− 𝑥1)2 

Subject to 

−10 ≤ xi ≤ 

10. 

x∗ = f(−1, 1), 

 f(x∗) = 0 

x∗ = f(1, 1), 

 f(x∗) = 0.0030 

Deckkers-

Aarts 

Function 

𝑓(𝑥)
= 105𝑥1

2 + 𝑥2
2

− (𝑥1
2 + 𝑥2

2)2

+ 10−5(𝑥1
2 + 𝑥2

2)4 

−20
≤  𝑥𝑖  
≤ 20 

x∗ = f(0,±15)  

f(x∗) = −24777 

x∗ = f(0,9)  

f(x∗) = -6049.53279 

FON1 

𝑓1(𝑥)
= 1

− 𝑒𝑥𝑝 (− ∑ (𝑥𝑖

3

𝑖=1

−
1

√3
)

2

) 

−4 ≤ xi ≤ 4 x1=x2=x3 

x∗ = f(0.444, 0.444, 

0.444)  

f(x∗) = 0.05161228 

FON2 

𝑓1(𝑥)
= 1

− 𝑒𝑥𝑝 (− ∑ (𝑥𝑖

3

𝑖=1

+
1

√3
)

2

) 

−1 √3⁄
≤ 𝑥𝑖

≤ 1 √3⁄  

x1=x2=x3 

x∗ = f(-0.444, -0.444, -

0.444)  

f(x∗) = 0.05161228 
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Himmelblau 

Function 

𝑓(𝑥) = (𝑥1
2 + 𝑥2

− 11)2

+ (𝑥1

+ 𝑥2
2

− 7)2 

Subject to 

−5 ≤ xi ≤ 5 

x∗ = f(3, 2), 

 f(x∗) = 0 

x∗ = f(-2.77,2.77), 

 f(x∗) = 4.5069 

Powell 

Singular 

Function 

𝑓(𝑥) = (𝑥1 + 10𝑥2)2

+ 5(𝑥3

− 𝑥4)2

+ (𝑥2

− 2𝑥3)4

+ 10(𝑥1

− 𝑥4)4 

−10≤xi≤10 x*= f(0, · ·  , 0), f(x*) = 0 
x*= f(0, · ·  , 0),  

f(x*) = 0 

Powell Sum 

Function 
𝑓(𝑥) = ∑|𝑥𝑖|

𝑖+1

𝐷

𝑖=1

 −1 ≤ xi ≤ 1 x*= f(0, · ·  , 0), f(x*) = 0 
x*= f(0, · ·  , 0), 

 f(x*) = 0 

Price3 

𝑓(𝑥)
= 100(𝑥2 − 𝑥1

2)2

+ 6[6.4(𝑥2 − 0.5)2

− 𝑥1 − 0.6]2 

−500 ≤ xi 

≤ 500 

x∗ =f({−5,−5},{−5, 5}, 

{5,−5}, {5, 5}), 

 f(x∗) = 0 

x*= f(1, 1), 

 f(x*) = 

7.395570986446986E-

32 

Price4 

𝑓(𝑥) =  (2𝑥1
3𝑥2 −  𝑥2

3)2

+ (6𝑥1

− 𝑥2
2

+ 𝑥2)2  

−500 ≤ xi 

≤ 500 

x∗ = f({0, 0},{2, 4}, 

{1.464,−2.506}), f(x∗) = 0 

x∗ = f(0, 0), f(x∗) = 0 

x∗ = f(2, 4), f(x∗) = 0 

Quadratic 

Function 

𝑓(𝑥)
= −3803.84
− 138.08𝑥1

− 232.92𝑥2

+ 128.08𝑥1
2

+ 203.64𝑥2
2

+ 182.25𝑥1𝑥2 

−10 ≤ xi ≤ 

10 

x∗ = f(0.19388, 0.48513), 

f(x∗) = −3873.7243 

x∗ = f(0, 1), 

 f(x∗) = −3833.1200 

Rotated 

Ellipse 2 

Function 
𝑓(𝑥) = 𝑥1

2 − 𝑥1𝑥2 + 𝑥2
2 

−500 ≤ xi 

≤ 500 

x∗ = f(0, 0), 

 f(x∗) =0 

x∗ = f(0, 0), 

 f(x∗) =0 

Rotated 

Ellipse 

Function 

𝑓(𝑥) = 7𝑥1
2 − 6√3𝑥1𝑥2

+ 13𝑥2
2 

−500 ≤ xi 

≤ 500 

x∗ = f(0, 0), 

 f(x∗) =0 

x∗ = f(0, 0), 

 f(x∗) =0 

Rump 

Function 

𝑓(𝑥)
= (333.75 − 𝑥1

2)𝑥2
6

+ 𝑥1
2(11𝑥1

2𝑥2
2 − 121𝑥2

4

− 2) + 5.5𝑥2
8 +

𝑥1

2 + 𝑥2
 

−500 ≤ xi 

≤ 500 

x∗ = f(0, 0), 

 f(x∗) =0 

x∗ = f(9, 0), 

 f(x∗) =-157.5 

Styblinski-

Tang 

Function 

𝑓(𝑥) =
1

2
∑(𝑥𝑖

4

𝑛

𝑖=1

− 16𝑥𝑖
2

+ 5𝑥𝑖) 

Subject to 

−5 ≤ xi ≤ 5 

x∗ = 

f(−2.903534,−2.903534), 

f(x∗) = −78.332 

 

x∗ = f(-2.7777,-2. 

7777,-2. 7777,-2. 

7777), 

f(x∗) = -155.61652 
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Trecanni 

Function 

f(X)=x4
1+4x3

1+4x2
1+x2

2 

 

−5 ≤ xi ≤ 

5. 

x∗ = f({0, 0},{−2, 0}),  

f(x∗) = 0 

x∗ = f({-

2.77777777777777,-

0.55555555555554}, 

{-2.77777777777777, 

0.55555555555554}),  

f(x∗) = -36.9989 

Wayburn 

Seader 1 

Function 

𝑓(𝑥) = (𝑥1
6 + 𝑥2

4

− 17)2

+ (2𝑥1

+ 𝑥2

− 4)2 

−500 ≤ xi 

≤ 500 

x∗ = f({1, 2},{1.597, 

0.806}),  

f(x∗) =0 

x∗ = f(1, 2),  

f(x∗) =0 

Wayburn 

Seader 2 

Function 

[1.613
− 4(𝑥1 − 0.3125)2

− 4(𝑥2 − 1.625)2]2

+  (𝑥2 − 1)2 

−500 ≤ xi 

≤ 500 

x∗ = f {(0.2, 1), (0.425, 

1)}, 

f (x∗) = 0 

x∗ = f (0, 1), 

f (x∗) = 0.115685 

Wayburn 

Seader 3 

Function 

𝑓(𝑥) = 2
𝑥1

3

3
− 8𝑥1

2

+ 33𝑥1

− 𝑥1𝑥2

+ 5
+ [(𝑥1

− 4)2

+ (𝑥2

− 5)2

− 4]2 

−500 ≤ xi 

≤ 500 

x∗ = f(5.611, 6.187), f(x∗) = 

21.35 

x∗ = f(5, 7),  

f(x∗) = 19.33 

Wolfe 

Function 

𝑓(𝑥)

=
4

3
(𝑥1

2 + 𝑥2
2

− 𝑥1𝑥2)0.75 + 𝑥3 

Subject to 

0 ≤ xi ≤ 2 

x∗ = f(0, · · · , 0),  

 f(x∗) = 0 

x∗ = f(0, · · · , 0),  

 f(x∗) = 0 

Zettl 

Function 

𝑓(𝑥) = (𝑥1
2 + 𝑥2

2

− 2𝑥1)2

+ 0.25𝑥1 

−1 ≤ xi ≤ 

5 

x∗ = 

f(−0.029895977602857,0),  

f(x∗) = −0.0037912372 

x∗ = f(1,-1),  

 f(x∗) = 0.25 

Zirilli or 

Aluffi-

Pentini’s 

Function 

𝑓(𝑥) = 0.25𝑥1
4 − 0.5𝑥1

2

+ 0.1𝑥1

+ 0.5𝑥2
2 

Subject to 

−10 ≤ xi ≤ 

10 

x∗ = (−1.0465, 0), 

 f(x∗) ≈ −0.3523 

x∗ = f(1,0),  

 f(x∗) = -0.15 

 

Conclusion: 

In this paper, our endeavor is to provide an alternative GA like parallel algorithm where only two tunable 

parameters are used. They are the string length (n) and number of generators. In comparison to many other 

meta-heuristics, much less number of tunable parameters has been used by introducing the Rotate Left and 

Complement (RLC) operator. It has been used to generate distinct points and also to avoid repetition of 

search points. We have investigated the exhaustive parallel algorithm for decimal coded string only. We 

have observed that 2×n distinct strings are generated for an n length string. However it is also possible to 

implement the algorithm for any other real coded version. Here some benchmark functions have been 
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optimized using the discrete search points generated by the proposed algorithm. From the given results, it is 

observed that the proposed algorithm can produce comparable and competitive results. 
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