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abstract
The study on Domination in Edge Product Cluster Hypergraph aims for
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Introduction
The notation of sum graph was introduced by Harary F[1]. Thavamani first introduced

the product analogue of sum graphs in 2011 also he introduced the edge product graphs and

the edge product number of a graphs [1], [2].
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Hypergraph generalizes the graphs where each edges of the hypergraph contains more
than two vertices. Berge introduced the concept of Hypergraph in 1973 [3],[4]. The notation
of domination in Hypergraphs was studied by B.D Acharya in 2007. In 2021, Kishor F Pawar
and Megha M Jadhav introduced the concept of Domination in Edge Product Hypergraphs
[5].

S. Samantha introduced the concept of Cluster Hypergraphs in 2020. To generalize the
hypergraph concept cluster hypergraphs were introduced in which cluster nodes are permitted
[6]. Mary Christal Flower .C and Befija Minnie .J together introduced the concept of Edge
Product in Cluster Hypergraphs [7]. In this article the concept of Domination in Edge Product
Cluster Hypergraphs is applied and also, the same concept has been extended to prove some

theorems related to Domination in Edge Product Cluster Hypergraphs.

2 Preliminaries

Definition 2.1. Let X be a nonempty set and let I’y be a subset of P(X) such that
Vy # @ and X c Vyx. Now E be a multi-set whose elements belong to P(P (X))
such that

ME+o
(i) for each element e € E, there exists atleast one element v € Vy such that v € e.

Then H = (Vy,E) is said to be Cluster Hypergraph where Vy is said to be a
vertex set and E is said to be multi-hyper edge set [8].

Definition 2.2. Let H = (Vy, E) be a simple cluster hypergraph with vertex set Vy (H)
and edge set E(H). Let I be the set of positive integers such that |E| = |I|. Then any
bijection f: E — I is called an Edge Function of the cluster hypergraph H [7].
Definition 2.3. The function F(v) = [[{f(e); edge e incident to the vertex v}
on Vyx (H) is called an Edge product Function of the edge function f [7].

Definition 2.4. The cluster hypergraph H = (Vy, E) is said to be an Edge Product
Cluster Hypergraph if there exists an edge function f: E — I such that the edge
function f and the corresponding edge product function F of f on Vyx(H) have the

following two conditions:

() F(v) € I forevery v € Vy(H)
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(i) if f(e1) X f(epx) xX...X f(e;) €1 for some edges ey, e,,... e; € E(H), then

the edges e;, e,,... e; are all incident to some vertex v € Vx(H) [7].

Definition 2.5. Let H = (V, E) be an edge product cluster hypergraph. Then H
is said to be a Unit Edge Product Cluster Hypergraph if there exists an edge
function f:E — I such that 1 € I [7].

3 Main Results

Definition 3.1. Let H = (Vx, E) be an edge product cluster hypergraph. A
Dominating Set of H is a set of vertices S € Vy(H) such that for every vertex
x € Vyx(H) — S there exists an edge e € E(H) for whichx € e, enS # ¢. That
Is, every vertex x € Vy(H) — S is adjacent to vertex in S.

Example 3.1. Consider H = (Vy,E) be an edge product cluster hypergraph
where Vy (H)={v,, v,,v3 = {vq, U3}, V4, VUs,..., Vo) and E(H) = {eq,e5,...,

e10} - The edges of H is defined as e; = {v,,v3}, ey = {v,, v3}, e3 = {v;, v,

Vs,.oor V10, V11}, €4 = {V3, Va4, Us, V12}, €5 = {V3,V4, Vs, V13, V14}, €6 =
{ve, v7, V15}, e; = {Ve, V7,V16, V17, V1g), €8 = {Ve, V7, V19, V20}, €9 =

{v21,V22}, €10 = {v23,V24}. Now the edge function f: E — I is determined

by f(el) = 7' f(ez) = 131f(63) = 11! f(e4-) = 3O’f(65) = 4'1f(e6)

=3, f(e;,) =20, f(eg) =2, f(ey) = 120120, f(ey,) = 1320. Then the
edge product function F of f is determined by F(v,) = 7,F(v,) = 13,F(v3)

= 120120, F(v,) = F(vg) = F(vg) = F (v;) = 1320,F(vg) = F(vg)
= F(vy0) = F(v11) = 11, F(v12) = 30,F(v13) = F(v14) = 4, F(v15)

=3,F(v16) = F(v17) = F (v15) = 20,F(v19) = F(v29) = 2 ,F(v34)

= F(vzz) = 120120 ’ F (U23) - F(v24) - 1320 .
Here v; dominates {v;, v,, v3, V4, Us, Vg, V7, Vg, Vo, V10, V11, V12, V13> V14 b
ve dominates { vys, Vi, V17, Vig» V1o, V20} V21 dOminates v,, and v,;

dominates v,,.

Therefore, S = {vs, v, V51, V23} With cardinality 4 dominates H. Hence, y(H) =
4.

Remark 3.2. For an edge product cluster hypergraph there can be more than one
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minimum dominating set in H. From example 3.1, S; = {v3, Vg, V22, V24}, S2 = {v3,
Ve, V22, V23}» S3 = {V3, V6, V21, V24}, Sa = {V3,V7,V21,V23}, Ss ={vs, 7,022,024},
Se = {v3,V7,V55,V53} and S, = {v3, v,, V21, Va4 } are the minimum dominating sets
inH .

Theorem 3.3. Suppose I indicates the set of positive integers with 1 ¢ I. Consider
the edge product cluster hypergraph H = (Vy, E). Then every dominating set in H

contains atleast two vertices.

Proof. Consider the edge product cluster hypergraph H = (Vy,E). If S is a
dominating set of H. It is necessary to claim that S contains atleast two vertices. On
the contrary, suppose S = {u} be a dominating set in H. Since 1 & I, theorem 3.1 in
[7] implies that H is disconnected. This shows that H has atleast two components, say
H,, H,. Then obviously u € H, oru € H,. If u € H,, then every vertices in H, is not
dominated by S. Similarly, If u € Hy, then every vertices in H; is not dominated by
S. From the both cases it can be obtained that S does not form a dominating set for
H which contradicts the previous assertion. Thus, every dominating setin H contains

atleast two vertices.

Theorem 3.4. If H = (Vy, E) is a unit edge product cluster hypergraph with a unit

edge e, then e serves as a dominating set for H .

Proof. If H = (Vy,E) is a unit edge product cluster hypergraph with a unit edge.
Then f(e) = 1. By theorem 3.3 in [7], each edges in H must be adjacent to e. Thus,
the intersection of any edge together e is non-empty. For each v € Vy(H) — {e}
there exists u € e in such a way that u dominates v. Hence, e serves as a dominating

set for H.

Corollary 3.5. Consider the unit edge product cluster hypergraph H = (Vy, E) with a

unit edge e. Then the domination number of H is y(H) < |e|.

Proof. Consider the unit edge product cluster hypergraph H = (Vx, E) with a unit
edge e. By theorem 3.4, e dominates H and so the domination number of H is y(H)

<le|.
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Theorem 3.6. Consider the unit edge product cluster hypergraph H = (Vx, E) with a
unit edge e. Then every dominating set of H contains either vertices frome or a

pendent vertex in H.

Proof. Consider the unit edge product cluster hypergraph H = (Vx, E) with a unit
edge e. Let S be adominating setof H. If e € S, then there is nothing to prove. Suppose
e £ S. Letmbe any edge in H. By theorem 3.3 in [7], each edge in H must be adjacent
to e. Therefore, for every vertex v € m there is a vertex u € S such that either u €
enm or u is a pendant vertex. Since e € S, so thatu & e. Therefore, u must be a
pendant vertex in H . Hence every dominating set of H contains either vertices from

e or a pendant vertices in H.

Theorem 3.7. Suppose H = (Vx, E) be a unit edge product cluster hypergraph with a

unit edge. Then y(H) < |e| — k, k represents the count of pendant vertices in e .

Proof. Suppose H = (Vx,E) be a unit edge product cluster hypergraph with a unit
edge e. Then f(e) = 1. By theorem 3.3 in [7], each edges in H mustbe adjacent
to e. It implies that {uq,u,,...,u;} be the collection of pendant vertices in e,
{vi,v,,...,v;} be the collection of non-pendant vertices in e. Therefore v; € e N ¢e;,
the set {v,,v,,...,v;} dominates all the remaining vertices of e; for i =1,2,...,1 and
the pendant vertices {uq,u,,...,u,}. Moreover the vertices inside the cluster vertices
are dominated by {v;,v,,...,v;}. Thus, {v4,v,,...,v;} dominates all the vertices in H
of cardinality |e| —k. Hence,y(H) < |{vi,v,,..., v} < le| — k.

Remark 3.8. The constraint in theorem 3.7 is exact. Consider the unit edge product

cluster hypergraph H which is shown in figure 5.1.



Mary Christal Flower /Afr.J.Bio.Sc. 6(15) (2024)

>c
o
[y
I
[#5]

&

143

143

[1+]
e

=
[

=
b
o
LA
%]
5]
93]
=
ta
=

S
ofo

D,

Page 107 of 10

,-—‘-«\Ulé U7 /—“\vls 19
ﬁ AN
2
Vg s €a\3
V1is
Figure 5.1

Here S = {v3, v, V7, V10, V13, V16 dOmMinates H so that y(H) = 6. Also, es

be the Unlt edge Where 63 B {173, U6, U7, 1.710, 1713,1]16, v17, v18, vlg}. C|eal’|y |e3| ==

9 and number of pendant vertices k = 3. Therefore, |e;| — k = 6 = y(H).

The inequality in theorem 3.7 is strict. Consider the unit edge product cluster

hypergraph H which is shown in figure 5.2.
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Here S = {v3,v,, V11, V14, V17} dominates H, so that y(H) = 5. Also, eg be
the unit edge and e; = {v3, vy, V7, V11, V14, V17, V10, Up} IS an unit edge of H.

Clearly, |e;] = 8 and number of pendant vertices k = 2. Therefore, |es| —k =
6 > y(H) Which implies that y(H) < |es| — k.

Theorem 3.9. Consider the unit edge product cluster hypergraph H = (Vx, E) with a unit
edge e containing k pendant vertices. Suppose ey, e,,...,en—1 be the non-unit edges in
H.Ife,nej=¢ in H—e forall 1<i#j<m-—1,theny(H) = [e| — k.

Proof. Consider the unit edge product cluster hypergraph H = (Vx, E) with a unit edge

e containing k pendant vertices.

Suppose ey, ey,...,e,_1 bethe non-unitedges in H. Assumethate; Nne; = ¢ for
i #j.Since f(e) = 1, by theorem 3.3, in [7] each edges in H must be adjacent to

e. Therefore, e Nne; #¢@ fori =1,2,....m — 1.

Let v;€ene;, i =1,2,...,m — 1. Since e; Ne; = @, v; be the only vertex
common to edges e and e; , i =1,2,...,m — 1, and also v; is the only non-pendant
vertex of e; . Therefore, it can be easily observed that the edges e, e,,...,e,,_; are the
pendant edges in H. So there should be atleast v;, v,,...,v,,_, vertices to dominate the
vertices contained in the edges e4, e,, ..., e,,—1. Also, the pendant vertices in e are also

dominated by the non-pendant vertices v, v,,..., Vpy_1.

Therefore, it is necessary to have atleast |e| — k number of vertices to dominate the
unit edge product cluster hypergraph H. So y(H) = |e| —k . By theorem 3.7,it is
conclude that y(H) = |e| — k .

Remark 3.10. The reverse implication of the above theorem may not hold true always,

For example, consider H = (Vx,E) where Vx(H) ={v,, v,,v3,V, =
{vy, v5,V3},Vs,..., V33 and E(H) = {eq, e,,...,e10} - The edges of H is defined as
er = {V4, Us, Vg, V12, V15, V1g V21, V22, V23}, €2 = {V1, Va}, €3 = {1, 0}, €4 =
{va,va}, es = {vs,v6,v7}, €6 = {Vs,V9,v10}, €7 = {Vg, Vo, V10, V11}, €g =

{vlz,v13,v14}, 89 ES {vls, 1716, 1717} y 610 - {1718, 1719, vzo}. NOW the edge funCtlon
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frE—-1 is determined by f(e;) =1, f(ey) =17, f(e3) =3, f(ey) =
11,f(es) =13, f(es) =5, f(e;) =30, f(eg) = 150, f(e9) =561,

f (e10) = 65. Then the edge product function F of f is determined by F (v;) =17,
F(vy,) =3, F(lv3) =11, F(v,) =561, F(vgs) =65, F(ve) = F(v;) =13,
F(vg) = 30, F(vg) = F(v19) = 150, F(vq1) = 30, F(v43) = F(v13) =

F (v14) = 150, F (v15) =F(v16)=F (v17) = 561, F(v1g) = F(v19) = F(v320)

=65, F(v31) = F(vy) = F (vy3) = 1.
Here S = {v,, vs, Vg, V12, V15, V1g} dominates H. Therefore, y(H) = |S| = |e|

—3=|e|] — k. Thus y(H) = |e| — k. But the edges e; and e, are adjacent with the unit
edge e;. Also, vertices vg, vg, V4, are contained in both the edges ez and e, and so es N

g * Q.

In H the unit edge e; contains 3 pendant vertices with y(H) = |e| — 3. But es N
ee # ¢ non-unit edges es and eg.
Theorem 3.11. Consider the unit edge product cluster hypergraph H = (Vx, E) with a unit

edge e. Then any two distinct non-unit edges are non-adjacent ifand only if y(H) = m — 1.

Proof. Consider the unit edge product cluster hypergraph H = (Vx,E) with a unit
edge e. Assume that any two distinct non-unit edges are non-adjacent. To prove that
y(H) = m —1. Let e; and e, be any two distinct non-unit edges in H. Since the e;
and e, are non-adjacent and their intersection is empty. To dominate the vertices in
e,, choose either a vertex in e, or a vertex in e incident with e;. Similarly, to dominate
the vertices in e,, choose either a vertex in e, or a vertex in e incident with e, . This
is true for all non-unit edges ey, e,,...,e,,,—1 Of H. Therefore, there are atleast m —
1 vertices to dominate H. Hence y(H) = m — 1. On the other hand, since H is a unit edge
product cluster hypergraph, for every e; € E there exists a vertex x; Eene;, 1<i <
m — 1. Thus the set S containing the vertices x;, x,,...,x,,—; forms a dominating set in H

andsoy(H) <|S|=m—1. Hence y(H) = m — 1.
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Conversely, assume that y(H) = m—1. Letey, ey, ..., em1 be the non-unit

edges in H . To prove that any two distinct non-unit edges are non-adjacent. That is
to prove that e; Ne; = @, 1 < i # j <m— 1. On contrary suppose there exists edges
e, and e, where e; and e,is adjacent. Then, the intersection of e, and e, is non-
empty.Let x Ee; Ne, Ne. Thisis possible because H is a unit edge product cluster
hypergraph. Also, the unit edge e is adjacent with all the non-unit edges in H. Thus

Xx;€eNe;, 1< i <m-—1. Therefore, selecting S = {x3, x4,...,Xp_1} U

{x} forms adominatingsetof Handsoy(H) < |S|=m—-3+1=m—-2< m —
1. Therefore, y(H) < m —1 which contradicts the previous assertion. So our

assumption is wrong. Hence any two distinct non-unit edges are non-adjacent.

4 Conclusion

In this article the concept Domination in Edge Product Cluster Hypergraph
has been applied and also, the same concept is extended to prove some theorems
related to the Domination Number in Edge Product Cluster Hypergraph. In future
studies various parameters of domination and domination number in Edge Product
Cluster Hypergraphs can be determined for some other cluster hypergraphs.
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