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1. Introduction and Preliminaries

Various authors have done work on incomplete Aleph function. Several researchers have
been established integral transforms and fractional calculus involving these functions and are
evaluated and examine number of integral formulas elaborated with the various kind of
special function included incomplete Aleph function. Such type of integral formulas has been
played an important role in the applied sciences, solving scientific and engineering problems.
In 19" century, Edward Maitland Wright [8] introduced the Bessel-Maitland function which
is the extended version of Bessel function. Recently, Singh et al. [11] introduced and defined
the generalised Bessel-Maitland function. Saxena and Nishimoto [10] defined and studied the
multi-index Mittag-Leffler function which is equivalent to multi-index Bessel-Maitland
function.

Very recently, Bansal et. al [1] introduced and investigate the incomplete Aleph function
(F)NZ:ZL-, p.r(2) and (V)N:ZZL-, ,,(Z) which are defined by Mellin-Barnes type contour

integral representations as follows:

(a1, AL Y), (aj'A') e (i Ai) s,
(bj B)lm p]( jir Bjt) lm+ 1,0,

Dy @) = PO o [

1 )
=ZELKGJX@5&, (1.1)

where z # 0, and

F(1—a; — A&y [T F(b' + B;¢) [[7=2T(1 = by — B4§,y)

K@Ey) = (1.2)
1 P | TT2L g T(L = by + Bjif) T T — 438) |
and
(allAl' }’) (a]IAj) p](a]l’A]l) n+1,p
= Mx '
(Y)Np AiPis 7‘( 2) =" )p‘q‘pl [Z ( )1m pJ( jis ]l) Im+1.q:
(. &4 1.3
—gi € y)(2)¢de, (1.3)
where z # 0, and
Ley) = y(1 = ay — A&, ) [T, T(b; + B;§) H'—z [(1— by~ Bi&,y) (1.4)

Z?=1 Pi [ j= m+1r(1 b]l + Bllf) j= n+1 F(aﬁ - Aﬁf)]
The incomplete X—functions given in (1.1)-(1.4) exist for all y > 0 under the same contour and
the same set of conditions as stated in [1]. A complete details of (1.1) to (1.4) can be found in

[1]
We recall the classical definition of incomplete Gamma functions y(v,z) and I'(v,z) is defined as
follows:

y(v,z) = foz tV"le tdt (R(v) > 0;z=0), (1.5)
and
I'(v,z) = fzoo tV"le~tdt (R(v) > 0;z=0whenz=0) (1.6)
The incomplete gamma functions I'(v,z) and y(v,z) are satisfying decomposition formula:
Y(v,2) +I'(v,2) =T'(v), (R <(v)>0) (1.7)
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Some important particular cases of incomplete X- functions are listed below:
(i) Ontaking The case y = 0, then (1.2) reduce to the X- functions which was given in [2,3]
as follows:

(ai,4A4,0), (aj, Aj)z,n’ [pj (aﬁ' Aﬁ)]n+1,p1

(Y]
(x)n z
Di.qi,PiT (bj'Bj)l,m' [pj(bji’Bji)]m+1,q1
_ g (as, A 1)1nu pj(aji'Aji)]rHl,pl

PuqiPiT _Z ( B)1m p]( jis 'i)]m+1.q1

(i) If we take p; = 1 in both the (1.2) and (1.4) the function reduce to the incomplete I-
function [2].

(1.8)

T (ay,4,,0), (aj,A-) [(aji’Aji)]TH'Lpl
(N)pLQLpl z
( ) [( Jju Jl)]m+1q1

(al;Al,y)1 ns (ajﬂA') [(aji'Aji)]n+1,p1

_ @
. (1.9
pquPL ( )1m [( 'jir Jl)]m+1q
and
(y)(N)p QT (a1,44,0), (af'A')zn [(aﬁ’Aﬁ)]n+1,p1
vY4ioPi ( )1m [( jir Jl)]m+1q
_ pymn [ (@2, A )am (% 45), o (@i Aj)Insa g (1.10)
pigqi,PiT ( B)lm (]u 'i)]m+1,Q1

(iii) For p; = 1 and y = 0 in (1.2), then the moderate form in terms of I-function examine
by Saxena [9]:

O (gymn (al'Al' 0. (g, Aj)z,n’ (a1, Aﬁ)]nﬂ,pl
pi.qi,Lr (bj’Bj)l,m' [(bji'Bji)]m+1.q1

mn (al' 1)17“ (a]“A“)n+1p1

g (1.11)

( jr J)1m ( Jl’BJl)m+1q1

(iv)Further setting p; = 1 and r = 1 in (1.1) and (1.3) reduces into the incomplete H-function
introduced by Srivastava et. al.[13] :

(a1,A1;J’) (aj:A')Zn (aji’Aji)n+1,p1
( B )1m [1( Jio “)]m+1 1
[ (a1, 41,5), (apA)
— Fm

( j'Bj)l,q

r
( )( )pl‘hll

(1.12)
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r
( )(N)p gl |2

(a3, 41,9, (a7, 4), (100 )], 1, | mn [Z @ 4vy) (4 4),, (1.13)

( B )1m [1( jir 'i)]m+1,q1 (b]’ Bj)l’q
A complete details of Incomplete H-function can be found in article [10],see also [2].

(v) Again setting y=0 in (1.12), incomplete X-function deduce into the Fox H-function
[12] as follows:

(a1, 410), (4, 4;), [1(aji'Aji)]n+1,p1 _m [ (aj, 1)1p

(B2 B, [1( jir Bji) ] 100 CR

The well-known Bessel-Maitland function ]g(z) is introduced and define by Edward
Maitland Wright (see,Marichev [6] )and which is given as:

Oaymn |z (1.14)

(o]

JE(z) = (=2)

=Om! lam+p +1)

,where Re(a) = —1,Re(f) = 0, zeC. (1.15)

Singh et al. [11] defined and studied the more generalized Bessel Maitland function as
follows:

a, _ (V)qm(_z)m
Jgq(@) = TZO [T_.T (am+ B + Dm!
(R(a) > max{0,q — 1}, R(B) > —1,R(y) > 0,xeC and qe(0,1) UN).

Saxena and Nishimoto [10] defined and studied the following multi-index Mittag-Leffler
function which is equivalent to multi index Bessel-Maitland function:

(0—'1) y (y)qm(_x)m
(ﬁ )q( x) = Z H F(a]-m + B + 1)m! (1.17)

(1.16)

where a;, f;,y and ze C such that

n
Ry) > O,ER(BJ-) > —1,29%(611-) > max{0,R(q) —1},q € (0,1) UN
j=1
where (y)g4m is the Pochhammer symbol, which can be written in terms of gamma function
as

(V)qm =

I'(y+mq)
o) (1.18)

The well-known orthogonal Jacobi polynomial of degree v is defined in the following manner
(for details, see, [14, p. 59, Eq. (4.1.3)] and [15, p.35, Eq. (34)],[15]):

(@p) 1+ @)y (—Vp(l+a+B+V)p /1—x\R
P @B ) = () (1.19)
= (14 a)g R! 2
The following integral formulas are necessary for it.
1 o o
1 2°Ir (5 4+ 5) (1 + 5
j x7(1—x2)"H?2 ph(x)dx = (2 2)( 2) (1.20)
0 p(1+£_2_&)p(£+2_&+§)
2 2 2 2 2 22

provided that R(u) < 1,R(c) > -1
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alTuwr@a —uw
2LT(L+ A+ )

0 )
f xH1 (x +a++x%+ 2ax) dz =21a* (1.21)
0

provided that 0 < R(u) < R().
The formula in (1.21) is known as Oberthettinger [4],[5].

2. Aset of Integrals

In this part, we derive a number of finite integral formulas involving the Legendre function,
incomplete Aleph function, Multi-index Bessel Maitland function and Jacobi polynomial
Theorem .1: Ifa;, Bj,yandz € C< 1,R(uw) <1,R(0) < —,R{) > 0; ER(,BJ-) > -1, =
L..,n), and X7, R(a;) > max{0,R(q) —1},q € (0,1) U N, then the following integral
formulas hold under the condition stated:

1 -1
j z2°(1 _ZZ)—/.L/Z Pv“(z) ](ai),)’ ( (az) )dz — 2k
0

(Ba\(1 — z2)7/2 Ty
r 1401 o1
| ( 2 ’2)’(%")’(”2'2)
X 3Pn42 c—v—u (1-1)
l(ﬁl+1,a1),........,(,8n+1,an),<1+ > — >
r O-+V—,Ll+3 (1—T) ._ZTa (21)
2 o2 ’

Proof: To prove the assertion(2.1), utilising (1.17) in the left hand side and rearranging the
order of summation and integration, which is guaranteed by the convergence criteria and we
will get say (llc?o:
b=, I r(g-/r)ﬁa; + Dm! J (L )W B
meo 11lj=1 J J 70
Next, with the help of (1.20)

1 & 2TMGML(y + qm)T (1-1—0%) r (1 49 -; m)

F(y)m=0n?=1r(ajm+ﬁj+ 1) m! 1,(1_I_0+m—vz—,u—Tm)r,(a+m+v—2u—Tm+3)
Next we using result given by [7, eq (1.9)], we acquire our result.
Theorem 2.2: Ifa;, Bj,yand z € C < 1,R(u) <1,R(0) < —,R(y) > 0; SR(,Bj) >
-1, =1,..,n), and ;-lzliR(aj) > max{0,R(q) —1},q € (0,1) UN, then the
following integral formulas hold under the condition stated:

1
j 27(1 =22 Bl(@) J (Y (az B P [y (1 — 272)]dz
0 7

|4
2P+ a4+ V) O (VT + a + B+ Vg
- VITy RI2RT(1 + a + R)

(1+O’+O’2R ﬂ) ’ ()/, Q), (1 + 1+0;—02R’ﬁ) ;

2 ' 2 2

o+o0R—-v—u o, 0+02R+v—u+3 o1 |
By +1,a1), e, (B + 1, ), (1 +T,7),r(f,7),

3Wn+2 —al (2.2)
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Proof: Using (1.17) & (1.19) in the left hand side and interchanging the order of summation
and integration which is garranteed under the convergence conditions
oo m 4 R
_ Z (V) gma 1+ ayy Z (MrA+a+p+V)ry
7=, T(aym + B; + 1)m! (1+ a)gR!2R

1
X f ZJ+01m+02R—1(1 _ ZZ)—;;/Z Pvﬂ(Z)dZ
0

Now, applying (1.20) we achieve
L2014 @+ V) X (“V)R(1+ a4 B+ V)pyR
VIT(y) L R 2RT(1+a +R)

i amr(y + qm)r (LI F QML 2R p (142X AT k)
X
m=0]’[§-‘=11“(ajm+ﬁj+1)F(1+0+01m+202R_v_u)l"(a-l_alm-l_azzR+v_u+3)m!

After that, we apply khan’s result given in [7] to obtain our own.
Theorem 2.3: Let y>0and R®) >0,Q>0,|argz| < E LR <1,R(00) < -1
j=12,..,n Rly) >0, iR(ﬁ]) > 1, R[Yj=1 @] > max{0,q — 1}

1 2
z°(1 - / ™ _xz2T N @y (@
jo (1 —z2)~#/2 pt(z) qulpl < (1—z2)> ](B,-))./q <(1 — 017 )dz

140
ZM . z F(y)qm(za)m (F)(N)m,n+2 2x|(a1i Al’ Y); (a]; Aj)z'n; < 2 ) )y
- Pi+2.qi+2,Pi" —_y —
Hj 1F(a]m+,8] + 1) e ( . ) (1 +¥‘%)

(1 +g 1) pj(aji,Aji)]n+1.p1
2.3
(a+v u+3 1) (]“ 'i)]m+1,q1 (23)

Proof: To prove theorem (2.3) Using the (1.3) and (1.17) in the left hand side of the above
result and interchanging the order of summation and integration, which is also satisfies under

the convergence condition then we will get :

— (V)qmam 1 y
) mzzo H}Ll F(“jm + B + l)m! 2mi JC K y)(x)

1 (utm+§)
x J 2042611 = 22) 2 ph(2) dE dz
0
Now, we applying (1.20) and using the result given by khan, so we get

= -1 N (Za)m(y)qm 1 e
- ;on?=1r(ajm+ﬁj+1)m!zm | k@2

2+ gr(1+3+¢)
F(l+a—v—pé—m+€)r(a+v—/ét+3+f)

d§
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Next we use the (1.4) in the above integral then we acquire our result after little
simplification.
Theorem 2.4: The under-mentioned result holds true under specified conditions

3 g xz? (@), (a)
[ e e gz, () i (=)

_ Z Fry)gma)™
I'(y) £ T, I(ajm+ B; +1)m!

O o] A e ) 252 0 e,
( f)l,m'( +'E)'( 2# ) p; (bji Bji)Im+1.0,
where y > 0and R) >0,Q0>0,k>1,|argz| < HZ—Q,ER(,u) <1,R(0)<-1
j=12,..,n; Ry) > O,SR(ﬁj) > 1,91[2};1 a;] > max{0,q — 1},qe(0,1)

Proof: To demonstrate (2.4) is on the similar lines as of Theorem (2.3).
Theorem 2.5: The result below is verifiable under specified conditions

f xh1 (x +a++x2+ Zax) ](a‘)’y
0

3, 7
(55)a (x +a+VxZ+2ax)"

X (F)Nmn zxh dx = 2 F(y)qm(za)m
pidi A -
it (x + a+ Vx2 + 2ax) i m=0H _ M(agm + B + 1)m!

(2.4)

1+o o
(F)( )m,n+2 2y (a1, 41,), (aJ'A]) ( 1)'(1 +_'1)’[pf(afi’Aji)]n+1 D1
DPi+2.9i+2,Pi7 ( ) ( o v—u-m 1) <o+v u+3 1) [ ( )]
"2/’ 2 ju ” m+1,q,
y >0 and R(©)0,Q > 0, k>1, Iargzl < —“,sn(u) <1,%(0) < -1

j=12,..,n Rly) >0, SR([)’]) > 1,R[Y]- i—1a;] > max{0,q — 1},q€(0,1)
Proof: To prove the assertion (2.5), using (1.3)and (1.17) in the left hand side and
interchanging the order of summation and integration which is guaranteed under the

(2.5)

convergence conditions, we get :

1 200: (V) mZm
= — _f 1
Zﬂi,[C . — [ l?:l F(ajm + B + 1)m!

)—/'l—/'llm—/'{z f

X f xH—#E-1 (x +a++ x% + 2ax dx dé.
0

To solve the above internal integral, we will using the (1.20), then we get

1 N 2a)™ (1) gm
_ = ¢ —A—Aym—1y€ § q
27 L KEN@ 2@+ m + 48) a Lot 8 [(aym + B; + 1)m!

at =M T(2(u — 1y )T+ ym + 4,8 — p+ € ) i
2HHET(L+ A+ Am+ A8 + u — i &) .
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Now,Using (1.4),we acquire the right —hand side in Theorem 2.5 after little simplification.
Theorem 2.6: The under-mentioned result holds true under specified conditions

f xk-1 (x +a++x2+ Zax)_/1 ](g‘/;))y z -
0 P\ (x + a + Va2 + 2ax) ™

Zx,u'l
x Mg = | dx
v (x+a+\/x2+2ax)

z ) gm(2a)™
H] 1F(a]m+ﬁj + 1)m'
1+o0 o
Dymniz oy (a1, 41, 7). (. 45), , ( 1) (1+— 1) [0 (@i 4ji)Tns+1,,
i+2:4i+2,Pi o—Vv m 1 ot+v—u+3 1
(5 B), o (1+ +'E)'( 2.3 10y (B B,

R9)0,Q> 0,k > 1, |argz| < @ JR(W) < 1,R(0) < —1,] =12,..;Ry) > 0
JR(Bj) > LRIy o] > max{O q —1},qe(0,1),then fory =0

(2.6)

Proof: The proof of Theorem 2.6 is on similar lines as the Theorem 2.5.
Theorem 2.7: The under-mentioned result holds true under specified conditions

0 2
j xk1 (x +a++x2+ Zax) (E(l;))y (xt1y) POP[y(1 — x#2)]dz
0

a“ r(1+a+ V) (—MTA+a+ B+ V),
24-1VITy (2a)*RRIT(1 + a + R)

” (2p + 2u3R, 2#1) (V, qQ),A—p— R, —py)
P2 (B 4+ 1,a0), e, By + L), (L 4+ A+ + uyR, —1y);

—2m1y
2.7)
R@W)0,2> 0,k >1,|argz| < ?,ER(#) <1,R0)<-1,j=12,...,m;R{y) >0
,R(B;) > 1,R[X]-; ;] > max{0,q — 1},qe(0,1), then fory =0

Proof: Using (1.17) & (1.19) in the left hand side and interchanging the order of
summation and integration which is guaranteed under the convergence conditions
S () gma™ (1+a)y N (CVr( + @+ B +V)ey”
— [}, I‘(ajm + B + 1)m! Z (1+ a)gR!2R

[ee]
-2
f B~ Hm=paR=1 (x +a++ x2+ Zax) dx

0
Now, applying (1.20), after that, we apply result given by [7].Then we obtain our result (2.7)
after little simplification.

3. In the aforementioned theorems, the Fox-Wright function is transformed into the
Fox-H function.



Swati Domaji Kharabe/ Afr.J.Bio.Sc. 6(6) (2024) 8754-8763 Page 8761 to 11

We will use in this section to carry out the Fox-Wright function to Fox-H function
transformation in Theorem 1.
Corollary 3.1 Variation of Theorem 2.1

1
fo 2°(1-2)7? Bl @) G, (—(“z) ) dz

(1-22)2
oK1
- oc—v—Uu c+v—u+3
oy (1+ =) r (55=)
1-01 gl
—)_ ) 1_ ) )<__I_> ;
X Hy2,, ( 2 2) A-r.0.\~73 —2%a (3.1)

(0,1), (=B, a1), ev wenv e, (=B an);
4. Particular Cases

In this part, we've provided a few intriguing applications of our key discovery.
Corollary 4.1: By setting j=1 and putting a; = a, 8; = B in the theorem 1.
(az) oK1

" az=
1_Z2T/2) g—VvV—Uu
( ) FyF(1+—2 )

1
[ za =z g
0

x m Wy l(HTG%)(’(’ﬁqi glc:; %%) P 2Tal (4.1)

2

Corollary 4.2: If we take j = 1 and a1 = a, f1 =B, q = 0 Theorem 2.1, then

1 . B o (az) 2u-1
e e () = = e

- [(12—"'%)'(1 +53) i 2 @2)
B+1,a)

Corollary 4.3: If

yzOmm9%®>0J2>Qﬂm+M¢th>th4<ﬂ{m+n—£—ﬂ}mﬁﬁ<L

2 2
then the following integral formula involving of the incomplete Meijer (") G-function as

given below:.
(aj ’ y), (aj )g,p

b.

119

1—(7 O
a’ T A~ Pl T A a.
=2ﬂ—l(F)Gm,n+2 7 ( ! y)( 2 j( ZJ( J)Z,IJ

PR o+ u—o\(u-v-o-1
[ 5 j( . j(b,-)l,q 43)

—ul?2

Jl‘x"(l—xz) pr(x) G| 2 dx
0

v
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Proof: Takingi=1,....... ,m=1, Aj=1 and B;j = 1 in the result (13),we get the desire result.
Com”my4mlfyZOww9%%>0$2>Qﬂm+®p+qh>th4<n{m+n—§—%)

R(u) <1, then the following integral formula involving of the incomplete Fox-Wright pwgr)_

<a(t;1y,)l’3( ! a,), p} N

function [9] as follows:.
—ul2

jX”(l—XZ) pL(x) Ll {

@ A y)( h][ > hj(aJ,Aj)z,p

) |, 2

o+ u—-o u-v—o-1
( 5 hj( 5 ’hj(bj B )1,q (4.4)

Proof: Taking m=1 and n = p, replacing q with g=1, and the suitable adjustment of the
parameters the incomplete H-function reduces to incomplete Fox-Wright py/ )_function [11]

also see [3,5,7].
Remark 1: If the incomplete Aleph function is unity in theorem 4 and 5, then the result is
that recorded by Khan and Khan [7].

The many types of integral formulas incorporating the various kinds of special functions have
been the subject of numerous research articles written by various writers. Regarding this, we

—nu-l
=2 p+2 4

developed certain integral formulas related to the Legendre function, multiindex Bessel's
Maitland function, and incomplete Aleph function. Additionally, we present several
intriguing, supposedly novel special examples of these integrals.
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