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Abstract: 
To understand the influence of the delay kernel weight 

on the dynamics of the three species model with prey, predator 

and competitor. Here competitor is competing with both the prey 

and predator species. A distributed time lag is induced in prey 

predator interaction. The Mathematical model is characterized 

by the system of integro differential equations. We proved that 

the solutions are positive and bounded in . The equilibrium 

point for co-existing state is identified. The local stability 

analysis is address at this point and shown that the system is 

asymptotically stable. Global dynamics is addressed by the 

constructing suitable Lyapunov’s function. The influence of 

kernel weight is studied using numerical simulation. The 

exponential kernel is taken for investigation. The kernel weights 

are significant in system dynamics. We identify the range of 

kernel strengths which exhibits the Hopf bifurcation nature. The 

parameters are identified using numerical simulation where the 

system admits change over behaviour from stable to unstable 

nature.   

Keywords: Prey, Predator, Competitor, Co-existing state, 

stability analysis, Hopf bifurcation   
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Introduction  

The elegance of nature is explained using mathematical methods are prominent in the recent 

era. Mathematicians attracted to study the ecological and biological phenomenon. Differential 

equations are pioneering in this field. Keeping Natural resources in harmony entire ecological 

phenomena in balance.  The study of ecological balance in terms of stability analysis using 

differential equations. The basic population growth models are well posed and initiated by 

Lokta [1] and Volterra [2].The ecological and epidemic models using mathematical 

techniques. Models explore real world problems are of non-linear in nature. The solutions of 

these models are quite difficult or sometimes impossible. To elucidate this, qualitative 

approach gained a significant role to study the stability aspects of ecological models. provide 

adequate mathematical approach to investigate the qualitative analysis of complex population 

models. 

Prey-predator interactions are universal biological relationship in ecology. This relation 

attracted attention of many biologists, mathematicians. The prey predator dynamics with 

fractional order differential equations and Hopf bifurcation analytics are well versed by [3]. 

The memory effect in predator and fear effect in prey species and its global dynamics was 

dealt by [4]. The harvesting of ecological resources is extensively studied during this era. 

Recently [5] explored the dynamics of bio-economic model with Michalis mention type 

harvesting in prey species and conclude that over harvesting leads to the bifurcation.  Chen 

[6] studied the Hopf bifurcation analysis of diffusive prey-predator system. Wie Liu [ 7] 

explore the direction of Hopf bifurcation in the Gause type prey-predator model with 

Michaelis-mention type harvesting model.  Ranjith [8] discussed the crowding effects and its 

mechanics in prey-predator model with inter specific competition rates.  Recently paparao 

[9,10] explored the harvesting efforts with constant effort and Michaelis-mention in two 

compartment prey-predator model and shown that the system is globally asymptotically 

stable.  

In any ecological and biological phenomenon time delays are inevitable. Time delays mainly 

classified as discrete, continuous, and distributed type. The time delay term can be introduced 

in prey, predator and into the interaction of prey and predator terms. The time lags in the 

three species models exhibits rich dynamics. The distributed time lags in the three species 

models in different interaction terms are widely studied by paparao [11-14,16]. The stability 

aspects of system elaborated with distributed time lags and studied the local and global 

dynamics at equilibrium points. The system is asymptotically stable at co-existing state and 

the results are driven by numerical simulation with different delay kernel strengths. The time 
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delay models with a prey, predator and ammesal model was dealt by [15] and observe the 

Hopf bifurcation tendency. The critical values of the model are identified using time lag as 

bifurcation parameter.   

The Hopf bifurcation tendency in distributed type delay models are quite intersecting. So far 

this type of analysis was not considered. Despite these models, we proposed a three species 

model distributed time delay model with a prey, predator, and competitor. The dynamics of 

the model and instability criteria was disused using Hopf bifurcation analysis taking 

exponential kernel as weight function and parameter ‘ taken as bifurcation parameter. 

The paper is organized as follows. In section 2 we frame the model, section 3 equilibrium 

point, in section 4 local stability analysis in section 5 derived condition for existence of 

global stability analysis. Finally in section 6 numerical simulations is carried out in support of 

Hopf bifurcation analysis. 

2. Formation of Mathematical model: 

The proposed model with three species namely prey(N1), predator (N2) and competitor (N3) 

with distributed time lag in the prey-predator interaction. Exponential growth model is 

proposed and is described by the following system of integro-differential equations. 

 (2.1) 

Nomenclature:  

parameter Description 

 Growth rate of prey population  

 Growth rate of predator population  

 Growth rate of competitor population  

 Prey population  

 Predator population  

 Competitor population  

 Inter specific competition rate in prey species   

 Inter specific competition rate in predator species  

 Inter specific competition rate in competitor species  

 Prey predator interaction rate  

 Predator prey interaction rate  
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 Prey and competitor interaction rate 

 Competitor and prey interaction rate  

 Predator and competitor interaction rate 

 Competitor and predator interaction rate 

 

 

Kernel strengths  

 

Put t-u = z ,  in the equation (2.1) we get the following system of equations  

 

  (2.2) 

Choose the kernels k1 and  k2  such that  

 (2.3) 

Assuming the solutions for the above model (2.2) as 

 

The  system equations (2.4) transform in to   

 

                 (2.4) 

 

Here is the Laplace transform of   and  is the Laplace transform of  

2.1 Existence of positive solutions and bounded property. 

In this section we proved that the system (2.4) admits positive solutions and are also 

bounded. 

Theorem 2.1:  The system (2.4) possesses positive solutions in  

Proof: From the equation (2.4) we can write as follows 

 

 

 

Hence all the solutions are positive in  

Theorem 2.2: The solutions of the system (2.4) are bounded. 

Proof: A system of equations (2.4) can be written in the form 
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           (2.2.1) 

 

By solving the above equations, we can write as 

   ,     and (2.2.2) 

From the above equation (2.2.2), it is evident that the system (2.4) possesses bounded 

solutions. 

Results and Discussion:  

In this section we identify the co-existing state and analysing the stability both locally and 

globally at this point. 

3. Equilibrium state 

The co-existing state is obtained by equating 0idN

dt
 , i=1,2,3 from the system (2.4),  

E:  Co-existing state:  

 

 

 

  .                      (3.1) 

This equilibrium state exists only when, 1 2 30, 0 , 0N N N      (3.2)  

4. Linear Stability analysis at the co-existing state: 

Theorem: 4.The co-existing state  is locally asymptotically stable if  

 

Proof:  The variational matrix is given by  

   (4.1) 

With the characteristic equation               (4.2) 
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Here 

 

 

                                           (4.3) 

By Routh-Hurwitz criteria, the system is stable if 1 0b  ,  1 2 3 0b b b  and  3 1 2 3 0b b b b  . 

   Clearly 
 1 11 1 22 2 33 3 0b N N N     

 

By algebraic calculations  

 

 1 2 3 0b b b 
if            (4.4) 

Also if  

Hence, the co-existing state  is locally asymptotically stable if. 

. 

5. Global Stability: 

Theorem5.1: The co-existing state  is globally asymptotically stable. 

Proof: We considered the Lyapunov’s function as 

 

          (5.1)

 The time derivate of ‘V’ along with the solutions of equations (2.1) is  

 

                         (5.2) 
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From the equation (5.2), we have 

 

+

 

By proper choice of  and using the inequality 
 

 

 

 

 

 

  for 

 

Therefore, the system is globally stable at the co-existing state  

 

6 Numerical Simulations: 

Representation of graphs A: Shows the time series flow   B. Phase portrait.  

Example 6.1:  Let a1=1.5, a2=2.65, a3=3.45, α11=0.1, α12=0.5, α13=0.01, α21=0.5, α22=0.2, 

α23=0.4, α31=0.2, α32=0.2, α33=0.2, N1 =10, N2 =15, N3 =15. 

The systems of equations (2.2) with exponential delay kernel weights 

becomes.  
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                 (6.1) 

 

The system of equation (6.1) are simulated using the parametric values shown in example 

(6.1)  with  different kernel strengths   are shown below. 

Case (i) :   for =0.005, a= 1 
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Figure 6.1(A)           Figure 6.1(B) 

For the certain parametric values of=0.005, a= 1. The system exhibits unstable 

behaviour characterized by the unbounded oscillations in the three populations. However, 

when =0.005 fixed and the higher values of a (1 to 100) result in instability due to   un 

bounded oscillations. For =0.005 and the lower values of a (0.001) leads to stability and 

convergence to an equilibrium point E (3, 14, 0). The plots are shown below: 

=0.005, a=0.001  E(3, 14, 0)  
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Figure 6.2(A)           Figure 6.2(B) 

The stability range of the system is identified when =0.005 fixed range of parameter a value 

in[0.0001, 0.0015]. When ‘a’ exceed 0.0015 for fixed =0.005, the system transition from 

stable equilibrium to unstable equilibrium.  For a > 0.0015   the system exhibits Hopf 

bifurcation for fixed =0.005. 

Case (2) :=0.05, a=0.02 
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Figure 6.3(A)                                       Figure 6.3(B) 

In stability nature is observed for   =0.05and a= 0.02, the higher values of a ranging 

from the 0.02 to 100, results in in stability .For =0.05 and a= 0.012 demonstrates the 

trajectories converging to words equilibrium point E (4, 11, 2). The evidence of time series 

plot and phase plane is given below. 

=0.05, a=0.015 
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       Figure 6.4(A)                      Figure 6.4(B) 

The stability range of parametric values ‘a’ from [0.0001, 0.015] when =0.05 fixed   

shown in the above graph. When ‘a’ exceeds shown 0.015 the system unstable. Hence for 

=0.05 and a> 0.015 indicating the qualitative change in system dynamics indicates 

bifurcation. 

Case (3) :=0.5, a= 0.2 
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Figure 6.5(A)                              Figure 6.5(B) 

The time series and phase plane plots are evident that the system exhibits unstable 

nature for =0.5 and a=0.2. However when =0.5 and a= 0.14 the system becomes 

asymptotically stable and converges to the equilibrium point E (5, 9, 4).  

=0.5, a=0.14 E(5, 9, 4)  
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Figure 6.6 (A)           Figure 6.6 (B) 

The system remains stable for =0.5 and a in the range [0.0001, 0.15]. When ‘a’ 

exceeds 0.15 for the fixed=0.5, the transition from stable equilibrium to unstable 

equilibrium evidence for Hopf bifurcation. 

 

7. Conclusion  

In the proposed model the following criteria are well illustrated. 

The well posed ness of the mathematical model is discussed by studying the existence 

of positive and bounded solutions. The existences of positive solutions ensure that the 

dynamics described by the model are nonnegative and roundedness ensures the population 

should not grow indefinitely.  

Local stability criteria are established and proved that the system is locally 

asymptotically stable at co-existing state if   . A suitable Lyapunov’s 

function is constructed to prove the global existence of the system. Numerical simulation is 

performed by varying the parameters specially the strengths of exponential delay kernel 

weights (&a). Different values of these kernel strengths (&a) lead to change in the system 

dynamics between stable and unstable equilibrium. 

The critical values of (&a) are identified leading to a Hopf bifurcation. Hopf 

bifurcation characterizes the qualitative behavior of the system often involving unbounded 

oscillation. The switch over behavior is presented below via critical values of the model.  

 

Table: 7.1: Critical values for (&a) for Hopf bifurcation Analysis  

S.No. 

Delay in the 

interaction of  

the species 

Kernel Strengths 

Values of  

considered 

The range of a 

so that the 

system is stable 

  Hopf bifurcations, 

values  

(System becomes 

unstable) 

1 
Prey and the 

Predator 

0.005 [0.0001, 0.0015] λ = 0.005 &a> 

0.0015 
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0.05 [0.0001, 0.015] λ = 0.05 &a> 0.015 

0.5 [0.0001, 0.15] λ = 0.5 &a> 0.15 

 

Therefore the delay arguments are significant to convert the stable equilibrium in to 

unstable equilibrium. So, the system undergoes Hopf bifurcation for some critical values of 

&a shown in the above table. 

 

References: 

 

[1] Lotka. A.J. Elements of physical biology,. Williams and Wilkins, Baltimore 1925 

[2] Volterra V L.Ecosse la theoriemathematique dela leitte pou Lavie, Gauthier-Villars, 

Paris.1931. 

[3] Ruizhi Yang and Dan Jin. Dynamics in a predator-prey model with memory effect in 

predator and fear effect in prey.  Electronic Research Archive, vol 30(4): 2022,1322-1339.  

Doi: 10.3934/era.2022069 

[4]Nadjah.K and Salah, A.M. Stability and Hopf bifurcation of the coexistence equilibrium 

for differential-algebraic biological economic system with predator harvesting. Electron. Res 

Arch.,2021,29(1) 1641-1660. 

[5] Jiao Jiang, Xiu Shuai Li and Xiaotian. The Dynamics of Bio economic Model with 

Michalis-MentenType Prey Harvesting.Bull.Malays.Math.Sci.Soc.2023, pp46-57 

https://doi.org/10.1007/s40840-022-01452-4. 

[6] Chen, H and Zhang, C. Analysis of the dynamics of a predator-prey model with Holling 

functional response. J. Nonl. Mod. Anal.  vol 4,2022, pp 310–324. 

[7] Liu, W and Jiang, Y.L. Bifurcation of a delayed gauge predator-prey model with 

Michaelis Menten type harvesting. J. Theor. Biol. 2018, 438, 116–132. 

[8] Ranjith Kumar G, Kalyan Das, Lakshmi Narayan and Ravindra Reddy B. Crowding 

effects and depletion mechanisms for population regulation in prey-predator intra-

specific competition model. Computational Ecology &software,2019, vol 9(1), pp 19-

36. 

[9] Paparao A.V, G A L satyavathi and K. Sobhan Babu. Dynamics of Prey- Predator 

Model with constant effort Harvesting of Prey. International Journal of Ecological 

Economics & Statistics (IJEES), vol 44 issue 01, 2023, pp:40-50. 

[10] Paparao A.V, G A L Satyavathi and K. Sobhan Babu. Dynamics of Prey- Predator 

Model with Michaelis-Menten Type Prey Harvesting; International Journal of Ecology 

&Development. vol 38, issue 02 ,2023, pp :67-77. 

https://doi.org/10.1007/s40840-022-01452-4


Page 6449 of 6449 
Papa Rao AV / Afr.J.Bio.Sc. 6(5) (2024). 6438-6449 

 

[11]Papa Rao A.V and Lakshmi Narayan K. Dynamics of prey predator and competitor 

model   with time delay. International Journal of Ecology& Development, Vol 32, Issue 

No.1,2017, Pp 75-86. 

[12] Papa Rao A.V and N.V.S.R.C. Murty Gamini. Dynamical Behaviour of Prey Predators 

Model with Time Delay “International Journal of Mathematics and its Applications. Vol 6 

issue 3, 2018, Pp: 27-37. 

[13] Papa Rao A.V and N.V.S.R.C. Murty Gamini.  Stability Analysis of a Time Delay Three 

Species Ecological Model. International Journal of Recent Technology and Engineering 

(IJRTE)., Vol 7 Issue-6S2, 2019, PP:839-845. 

[14] Papa Rao. A. V, Lakshmi Narayan. K and KondalaRao.K. Ammesalism Model A 

Mathematical Study, International Journal of Ecological Economics & Statistics (IJEES) , 

Vol 40, issue 3, 2019, Pp 75-87. 

 [15]. Paparoa. V, G A L satyavathi and K. Sobhan Babu. Three species Ammesalism model 

with time delay. International journal of tomography and simulation, 2021  Vol 34, Issue 01, 

2021, Pp 66-78. 

[16] Papa Rao A.V. and N.V.S.R.C. Murty Gamini.Hopf bifurcation analysis in three species 

ecological model, South East Asian journal of mathematics and mathematical sciences, Vol 

16(1A) ,2021,pp: 177-184. 

 

 

 


