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Introduction

The notion of Fuzzy Metric Space was first presented by Kromosil and Michalek in 1975
[1]. Veeramani and George introduced the modified Continuous t-norm approach in 1994 [16].
Numerous authors and researchers developed new findings on fuzzy metric space in various
ways by utilizing several novel notions, such as compatible mapping, weak compatible mapping,
R-weakly Computing mapping, and CLR-property, among others. R. Vasuki[8] extended the
outcome for 2-Metric space in 1999. Sushil Sharma [19][20] defined the property E.A. for the
first time in 2002, establishing certain common fixed point theorems and defining the property as
a novel concept in fuzzy metric spaces under rigorous contractive conditions. 2013 saw the
introduction of the novel idea of the E.A. like property in fuzzy metric space by K. Wadhawa et
al. [13]. This quality is crucial in ensuring that one does not need the completeness of the entire
space, the continuity of mappings, or the proximity of range subspaces. Fuzzy Metrics are
applied in many fields, including communication, control theory, neural network theory, image
processing, medical sciences, stability theory, and applied sciences.
This work presents the proof of a few common fixed point theorems for new rational expressions
for four mappings through weakly compatible and common E.A.-like properties in a fuzzy
metric space. More work on fixed point related to fuzzy metric space with specified properties
for various conditions can be seen in [23-31] . Established results are very useful in uncertainty
and decision-making problems.

1. Preliminaries:

Definition 2.1[16] A binary operation *: [0,1] x [0,1] — [0,1] is a continuous t-norm if *
satisfying the condition:

(1) * is commutative and associative.

(2) * is continuous.

(B)ax1=a, Vae|[01]

4 axb <cxd,whenevera<candb <d forVa,b,c,d €[0,1]

Definition 2.2[16] A 3-tuple (£, M,*) is said to be Fuzzy Metric space if = is an arbitrary set, *
is a continuous t-norm and Mis a Fuzzy set on E2 x [0,0) satisfying the following
conditions:vV x, ¢4,z € £,5,t >0

1) M(x,4,2) >0
(2 M(x,y,t) =1 forallt >0 iff x=wy.
(3) M(x, 4, t) = M(3,x,t)
(4) M(x, 4, t1) * M(3,3,t,) < M(x,32,t; +t,)
Vx,4,2 €EZand ty,t,,> 0
(5) M(x, 4,%): [0,0] — [0,1] is left continuous.
(6) th_)rgim(x y,t) =1.
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Definition 2.3[4] Two self mapping A and B on a fuzzy mapping (&, 9,*) are said to be
compatible if lim M (ABx,, BAx,,t) =1 for allt > 0 whenever {x,}is a sequence in X
n—-o0o

such that lim Ax,, = lim Bx, =u, forallu ez

n—->oo n—-oo

Definition 2.4[13] Two self mapping A and B on a fuzzy mapping (&, 9t,*) are said to be a
weakly compatible if they commute at their coincidence point that is for Vu € £ ,Au =
Bu implies that ABu = BAu forallt >0

Definition 2.5[19] Two self mapping A and B on a fuzzy mapping (=, 0t,*) are said to be
Satisfy E.A property if their exist a sequence {x,, }in Zsuch that

lim Ax, = lim Bx, =u, forallu ez
n—->0oo

n—-oo

Definition 2.6[13] Let A, B,S and T be a self mapping of a Fuzzy Metric space (£, 9t,*) then

(A,S) and (B,T) said to satisfy Common E.A like property if their exist two sequence

{x,} and {y,,} in E such that lim Ax,, = lim Sx,, = lim By, =1limTy, =z, Where zE€
n—-oo n—-oo

n—-oo n-oo

S(E)NT(E) or 3 € A(E) N B(®)
Lemma 2.7[8] M(x,,.) is non decreasing function for all x,4,z € =
The following definition and result are define Mishra[14].
Lemma 2.8[14]Let(=, M, *) be a Fuzzy Metricspace if their existk € (0,1) such that
M(x, 4, kt) = M(x,y,t) thenx =y and ,k € (0,1),t >0 forallx,y €E

In this paper, we will define the following implicit function which will be support in the
main result.

Definition 2.9: Let¢ be the set of all real continuous function ¢: [0,1]°> — [0,1] non decreasing
in each coordinate variable and such that

Q) ¢o(1,1,t,t,1) >t;
(i) ¢o(1,t,1,1,1) > ¢t;
@)y ¢t t,t,1,1)=>t; Vte[0,1]

Main Result

Theorem 3.1: Let P,B, N and T be a self mapping of a Fuzzy Metric space (=, 9,*) satisfying
the following conditions:

Q) (P,N)and (B, T) Satisfying common E.A like properties.
(i) (P,N)and (B, T) are weakly compatible.
(iii)  For @ € ¢ then there exist k € (0,1) such that Vx,y,z€ Z and t > 0.
M(Nx, Ty, t), M(Nx, By, t), M(Px, Ty, t),
M(Px, By, kt) = ¢ M(Nx, Px, t)’Em(Px, By, t). M(Nx, Ty, t)
IM(Nx, By, t). M(Px, Ty, t)
Then P, B, N and T have a common fixed point.
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Proof: Since (P, N)and (B, T) satisfying common E.A like properties then there exist two
sequences {x,}and {y,} in £ such that lim Px, = lim Nx, = lim By, = lim Ty, = z.
n—-oo

Where, z€e N(E)NT(E) or z€ P(§) N B(%).

Letze N(E)nT(E)and lim Px, =z € N(X) then z = Nu,wherex € Z.
n—-oo

To Prove, Pu= Nu
Putx = u and y =y, ininequality (iii)

M(Nu, Ty, t), M(Nu, By, t), M(Pu, Tyy, t),
EUI(Pu; Byn; kt) 2 d) S:R(Nu, Pu t) EUE(PU,Byn, t)wt(Nu! Tyn’ t)
T M(Nu, By, t). M(Pu, Ty, t)

M(z,z,t), M(z,zt), M(Pu, z,t),
M(Pu, z, kt) = ¢ M(z, Pu, ) M(Pz,z,t). M(Nz, z,1t)
T M(NZ, 2, t). M(Pz, Z, t)

M(Pu, z, kt) = ¢p{1,1,M(Pu, z,t), M(z, Pu,t),1}

M(Pu, z, kt) = M(Pu, z,,t)
Bylemma28,weget Pu=z i.ePu=2z=Nu

Since (P, N) is weakly compatible then Pz = PNu = NPu = Nz
Again, rlll_r)‘{)lo By, =z€T(X) then z=Tv

Now to Prove, Tv = Bv

Putx =x, andy =v in (iii)

M(Nx,, Tv,t), M(Nx,, Bv, t), M(Px,, Tv,t),
M(Px,, Bv, kt) > ¢ MNx., Px., t) M(Pxp, Bv, t). M(Nxy,, Tv, t)
T R(NX, By, t). M(Px, T, t)

S)J’t(zf Z’ t)’ Sl)’t(zl Bv’ t)’ EDIE(Z' ZI t)l
M(z, Bv, kt) = ¢ M(z,2,) M(z, Bv,t).M(z,z,t)
" M(z, By, t). M(z, z, t)

M(z, Bv, kt) = {1, M(z, By, t),1,1,1}
M(z, Bv, kt) = M(z, Uy, t)

By lemma28,weget z=Bv i.e Bv=z=Tv
Since (U, T) is weakly compatible then Bz=BTv=TBv =Tz

Now to Prove Pz = z then
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Putx =z and y = y, in (iii)

M(Nz, Ty, t), M(Nz, By, t), M(Pz, Ty, t),
IM(Pz, By,, kt) = ¢ Mz, Pz, 6) M(Pz, By, t). M(Nz, Ty,, t)
T IM(NZ, By, t). M(Pz, Ty, t)

M(Pz,z,t), M(Pz,z,t), M(Pz,z,t),
M(Pz, z, kt) = ¢ M(Pz,z,t). M(Pz, z,1)
WPz, Pz,t), M(Pz,z,t). M(Pz, z,t)

M(Pz,z, kt) = ¢p{ M(Pz,z,t), M(Pz,zt), M(Pz,z1t),1,1}

M(Pz,z, kt) = M(Pz,z,t)
By lemma28,weget Pz=2z ie Pz=2z=Nz

Now to Prove Bz =z
Putx = x,, and y = z in (iii)

M(Nx,, Tz, t), M(Nx,, Bz,t), M(Px,, Tz,t),
M(Px,, Bz, kt) = ¢ M(Nx,,, Py, ©) M(Px,, Bz, t). M(Nx,, Tz,t)
TV M(Nx,, Bz, t). M(Px, v, t)

M(z,Bz,t), M(z,Bz,t), M(z,Bz,t),
M(z, Bz, kt) = ¢ M(z,2,0) M(z,Bz,t).M(z, Bz, t)
" M(z, Bz, t). M(z, Bz, t)

M(z, Bv, kt) = p{IM(z,Bz,t), M(z,Bz,t) ,M(z,Bz,t),1,1}
M(z,Bz, kt) = M(z,Bz,t)
By lemma2.8,weget Bz=2z i.e Bz=z=Tz

Hence, Pz=Bz=Nz=Tz=2z
Hence P, B, N and T have a Common Fixed Point.

Uniqueness: Suppose z; and z, are two common fixed point of P,B,N and T with
7, # z, then from (3.1)
M(Nz,,Tz,,t), M(Nzy, Bz,,t), M(Pzy, Tz,, t),
M(Pz,,Bz,, kt) > M(Pzy,Bz,,t). M(Nz, Tz, t
(Pzy,Bzy,kt) = ¢ M(Nzy, Pzy, ), (Pzy 2, 6). M(Nzy, T2y, t)
IM(Nz,, Bz,,t). M(Pz,,Tz,, t)

M(zq, 25, t), M(24, 25, t), M(24, 25, 1),
M(zy, 25, kt) = ¢ M(z1, 21, 0) M(zq,2,,t). M(24, 25, t)
Lot ,E)Jt(21)Z21 t)'g‘n(zli ZZ; t)

M(zy, 23, kt) = P{M(zy, 25, ), M(24, 25, t), M(24, 25, t), 1,1}



Rakhi Namdev/ Afr.J.Bio.Sc. 6(10) (2024) Page 6229 of 14

By definition of Implicit function, we get, M (zy, zy, kt) = ¢{M(z4, 25, t)}
By lemma 2.8, we get. z; =z, .

Remark * Now we define new class of y as follows.
Let v be the class of all mapping ¥ : [0,1] — [0,1] such that
(@) is non-decreasing and lim ¢ "(p) = 1,Vp € (0,1];
n—>oo

(b)y(p) > p,vp € (0,1);

© v =1
Example: Define l,b: [ 1] - [0,1] by zp(p) =——,Vp€ [0,1],
HOEFS V@)= - ,¢"<p> = e e o]
llm l/)n(p) —m =1, Vp € [0,1]

Clearly, Y(p) >p and Y(1) =1,Vp € [0,1]

Theorem 3.2: Let P,B, N and T be a self mapping of a Fuzzy Metric space (=, 9,*) with
a * b = min(a, b) , satisfying the following conditions:

Q) (P,N)and (B, T)Satisfying Common E.A like properties.
(i) (P,N)and (B, T) are weakly compatible.
(i)  M(Px,By,t) =
{ M(Nx, Ty, t), M(Nx, By, 2t), M(Px, Ty, t), M(Nx, Px, t),]}
Y {min

M(Px,By,t). M(Nx,Ty,t)
M(Nx,By,t). M(Px,Ty,t)
Vx,y €EZ andt>0
then P,B,N and T have a Common Fixed Point.

Proof: Since (P, N) and (B, T)Satisfying common E.A like properties then there exist two sequences
{x,} and {y,}in Z such that lim Px, = lim Nx, = lim By, = llm Ty, = z.

n—-oo n—-oo n—-oo
Where, ze N(E)NT(E) or z€ P(X) N B(&).

Letze N(E)NT(%)and lim Px,, =z € N(Y¥) then z= Nu,wherex € Z.
n—-oo

To Prove, Pu = Nu
Putx =u and y =y, in (iii)

M(Nu, Ty, t), M(Nu, By, 2t), M(Pu, Ty,, t),

> i I(Pu, By, t). M(Nu, Ty,, t
M(Pu, By,, t) = P min M(Nw, Pu, ©), (Pw, By, t). M(Nw, Ty, t)
M(Nu, By, t). M(Pu, Ty,t)

M(z,z,t), M(z, 2z, 2t), M(Pu, z,t), M(z,z,t),
M(Pu,z,t) = Pp{min M(Pz,2,t). M(Nz,z,t)
M(Nz,z,t). M(Pz, zt)
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M(Pu,z,t) = Y{min[1,1, MM (Pu, z,t), M(z, Pu, t), 1]}
M(Pu, z, t) = Y {M(Pu, zt)}
Since Y(p) = p forall p € (0,1], it is only possible when M(Pu, z,t) = 1
Thatis Pu=z
i.ePu=z=Nu

Since (P, N) is weakly compatible then Pz = PNu = NPu = Nz
Again, rlll_l;{)lo By, =z€I(Z) then z=Tv

Now to Prove, Tv = Bv

Putx =x, andy =v in (iii)

M(Nx,, Tv,t), M(Nx,, Bv, 2t), M(Px,, Tv, t),
M(Px,, Bv,t) = P min M(Px,, Bv,t). M(Nx,, Tv,t)
DN xn, Pxn, 1), M(Nx,, Bv,t). M(Px,, Tv, t)
E(z,z,t), M(z, By, 2t), M(z,z,t),
Z(z,Bv, t) = Y {min Mz, 2, t)’im(z,Bv, t).M(z,z,1t)
M(z,Bv,t).M(z,z,t)
M(z, B, t) = Y{min[1,M(z, Bv, 2t),1,1,1]}
M(z, Bv, t) = P{[M(z, Bv, )]}
Since Y(p) = p forall p € (0,1], it is only possible when 0t(z, Bv,t) = 1
Thatis Bv =z

i.e Bv=z=Tv
Since (U, 1) is weakly compatiblethen Bz = BTv =TBv =Tz
Now to Prove Pz =z then
Putx = z and y = y, in (iii)

M(Nz, Ty, t), M(Nz, By, 2t), M(Pz, Ty, t),
IM(Pz, By, t) =Y {min M(Nz, Pz, t)’EITE(PZ,Byn, t). M(Nz, Ty, t)
M(Nz, By,, t). M(Pz, Ty,,t)
M(Pz,z,t), M(Pz,z, 2t), M(Pz,z,t),
M(Pz,z,t) = Y min M(Pz,z,t). M(Pz,z,t)
WPz, Pz, 0), M(Pz,z,t). M(Pz,z,1t)
M(Pz, z, kt) = P{min[M(Pz, z,t), M(Pz, z, 2t), M(Pz, z,t),1,1]}
M(Pz,z,t) = P{M(Pz,z1t)}
Since Y(p) = p for all p € (0,1], it is only possible when M (Pz, z,t) = 1
Thatis Pz=2z i.e Bv=2z= Nz
Now to Prove Bz =z

Putx = x,, and y = z in (iii)
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M(Nx,, Tz, t), M(Nx,, Bz, 2t), M(Px,,Tz,t),
M(Px,, Bz, t) = Y min M(Px,,Bz,t). M(Nx,,Tz,t)
WMNxn, Pxn, ), M(Nx,, Bz, t). M(Px,, Tv,t)
M(z,Bz,t), M(z, Bz, 2t), M(z, Bz, t),
M(z, Bz, t) = P min M(z,2,0, M(z,Bz,t). M(z,Bz, t)
M(z,Bz,t).M(z,Bz,t)
M(z, By, t) = Y{min[M(z, Bz, t), M(z, Bz, 2t) ,M(z, Bz, t),1,1 |}
M(z,Bz,t) = Y{M(z,Bz,t)}
Since Y(p) = p forall p € (0,1], it is only possible when M(z, Bz, t) = 1
Thatis Bz=2z i.,e Bz=z=Tz

Hence, Pz=Bz=Nz=Tz=12z

HenceP, B, N and T have a Common Fixed Point.

Uniqueness: Suppose z; and z, are two common fixed point of P,B,N and T with
zy # z, then from (3.2)
M(Nz,,Tz,,t), M(Nzy, Bz,, 2t), M(Pz,, Tz,, t),
IMM(Pzy,Bzy, t) =P {min M(Nz,, Pzs, t),im(le,Bzz, t). M(Nz,, Tz, t)
IM(Nz,,Bz,,t). M(Pz,,Tz,y, t)
i]:R(le Z3, t), EIR(ZII Z3, Zt)' 9:R(er Z3, t)r

M(zy,2,,t) = P {min Mz, 21,0, M(zy, 2, ). M(24, 25, 1)

M (24,25, t). M(24, 25, t)
M (21, 25, t) = P{Min[M(z,, 25, t), M(z24, 25, 2t), M(24, 25, 1), 1,11}
EIR(ZL Z, t) = lp{M(ZLZZ' t)}
Since Y(p) = p forall p € (0,1], it is only possible when 0t(z,,z,,t) = 1
Thatisz, = z,
Hence proof the theorem.

Theorem 3.3: Let P,B, N and T be a self mapping of a Fuzzy Metric space (£, ,*) with
a * b = min(a, b) , satisfying the following conditions:

Q) (P,N)and (B, T) Satisfying common E.A like properties.
(i) (P,N)and (B, T) are weakly compatible.
zzr(iD?(Nx, Ty, t)), zzr(iIJt(Nx, By, Zt)), zzr(iIJt(Px, Ty, t)),

M(Px,By,t). M(Nx,Ty,t)
ZD'(ED?(NX, Px, t))' w (SUE(Nx,By,t).EUE(Px,Ty,t))

(i)  M(Px,By,t) =P

Vx,y EZandt>0
then P,B,N and T have a Common Fixed Point.

Proof: Since (P, N)and (B, T)Satisfying common E.A like properties then there exist two
sequences {x,}and {y,} in Z such that lim Px,, = lim Nx,, = lim By, = lim Ty, =z
n—oo n—oo n—oo n—oo

Where, ze N(E)NT(E) or ze P(E)NB(&)

Letze N(E)nT(&)and lim Px, =z € N(Z) then z= Nu,wherex € £
n-—-oo
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To Prove, Pu = Nu
Putx = u and y =y, in (iii)

@(M(Nu, Ty, ), @(M(Nu, By, t)), w(M(Pu, Ty, 1)),
M(Pu, By, t). M(Nu, Ty,, t)
M(Nu, By, t). M(Pu, Ty,t)

M(Pu, By,, kt) = ¢

@(M(Nu, Py, t)),zzr(

w(ﬁm(z, Z, t)), w(ﬁm(z, Z, t)), w(im(Pu, Z, t)),
M(Pz,z,t). M(Nz,z,t)
@ (M(z Pu, ), @ ( M(Nz, z,t). M(Pz, zt) >
w(1),m(1), m(M(Py, z, t)),}
w(im(z, Pu, t)), w(1)
by using remark * Properties then we get

M(Pu, z, kt) = ¢

IM(Pu, z, kt) = qb{

M(Pu, z, kt) = p{1,1,M(Pu, z,t), M(z, Pu,t),1}

M(Pu, z, kt) = M(Pu, z,,t)
By lemma28,weget Pu=2z i.ePu=z=Nu

Since (P, N) is weakly compatible then Pz = PNu = NPu = Nz
Again, lim By, =z € T(X) then z=Tv
n—-oo
Now to Prove, Tv = Bv

Putx =x, andy=v in (iii)

@(M(Nx,, Tv, 1)), @ (M(Nxy, Tv, 1)), @ (M(Nxy,, B, t))
M(Px,, Bv, kt) = qb{ M(Px,, Bv,t). M(Nx,, Tv,t) }
M(Nx,, Bv, t). M(Px,, Tv, t))
w(im(z, Z, t)), w(im(z, Bv, t)), w(im(z, z, t)),

M(z, Bv,t).M(z,z,t)
@(M(z,z1)), @ <EUE(Z, Bv,t).M(z, z, t))

,@(M(Nxp, Pxy, t)),w(

M(z, Bv, kt) = qb{

M(z, Bukt) = ¢{w(1),w(§m(z,8v, t)),w(l),}

@(1),m(1)
by using remark * Properties then we get

M(z, Bv, kt) = ¢p{1,M(z,Bv,t),1,1,1}

M(z, Bv, kt) = M(z, Uy, t)

By lemma2.8,weget z=Bv i.e Bv=z=Tv
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Since (U, T) is weakly compatible then Bz=BTv=TBv =Tz
Now to Prove Pz =z then
Putx = z and y = y, in (iii)

w(im(Nz, Tyy, t)), zzr(im(Nz, By,, t)), w(im(Pz, Ty,, t)),
M(Pz,By,, t). M(Nz, Ty, t) }
IM(Nz, By, t). M(Pz, Tyy, t))
w(ED?(PZ, Z, t)), w(ﬁm(Pz, Z, t)), zzr(im(Pz, Z, t)),
M(Pz,z,t). M(Pz,z,t) }
M(Pz,z,t). M(Pz, z, t))

M(Pz, By, kt) = ¢ { @(M(Nz, Pz,1)), w(

M(Pz, z, kt) = ¢ { (P2, P, t))ﬂ<

M(Pz,z, kt) = ¢p{ w(im(Pz, Z, t)) ,w(iUt(PZ, Z, t)),w(im(Pz, Z, t)),w(l),w(l)}
by using remark * Properties then we get
M(Pz,z, kt) = ¢p{ M(Pz,z,t), M(Pz,zt), M(Pz,z1t),1,1}

M(Pz,z, kt) = M(Pz,z,t)
By lemma28,weget Pz=2z ie Pz=2z=Nz

Now to Prove Bz =z

Putx = x,, and y = z in (iii)

w(EUE(an, Tz, t)), w(iUl(an, Bz, t)), w(EITE(Pxn, Tz, t)),
M(Px,,, Bz,t). M(Nx,, Tz, t)) }

M(Px,, Bz, kt) > (,b{
M(Nx,, Bz, t). M(Px,, v, t)

zzr(ED?(an,Pxn,t)),w<

w(im(z, Bz, t)), w(im(z, Bz, t)), w(im(z, Bz, t)),}

M(z,Bz,t). M(zBz,t)
@(Mz,20) @ <EUE(Z, Bz,t).M(z, Bz, t)>

M(z,Bz, kt) = (,b{
M(z, Bz, kt) = ¢{ w(im(z, Bz, t)) ,w(im(z, Bz, t)),w(im(z, Bz, t)),w(l),w(l)}
by using remark * Properties then we get

M(z, Bv, kt) = ¢p{IM(z,Bz,t), M(z,Bz,t) ,M(z,Bz,t),1,1}

M(z, Bz, kt) = M(z, Bz, t)
Bylemma28,weget Bz=2z i.e Bz=z=Tz
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Hence, Pz=Bz=Nz=Tz = z.
Hence P,B,N and T have a Common Fixed Point.

Uniqueness: Suppose z; and z, are two common fixed point of P,B,N and T with
z, # z, then from (3.3)

IM(Pz,, Bz,, kt)
w(ﬁm(Nzl, Tz,, t)), w(iD?(NZI, Bz,, t)), w(iD?(le, Tz,, t)),
M(Pz,,Bz,,t). M(Nzy, Tz, t)
IMM(Nzy,Bzy, t). M(Pzqy, Tz,, t)>
w(im(zl, Z,, t)), w(im(zl, Z,, t)), w(im(zl, Z,, t)),

M(zq, 22, t). M(24, 23, t)
zD'(iUt(ZLZZJ t))’ o <g)’t(zl' Z, t) 9)?(21, Z3, t)

= ¢

w(i]fR(Nzl,le, t)),w(

EIR(Zl,Zz, kt) = ¢

M (2, 25, kt) = ¢{ w(EUE(Zl,ZZ, t)) ,w(im(zl,zz, t)),w(im(zl,zz, t)),w(l),w(l)}
M (2, 29, kt) = ¢{IM (24, 2, t), M(24, 23, t), (24, 25, ), 1,1}

By definition of Implicit function, we get, M (z,, z,, kt) = p{M(z,, 25, t)}
By lemma 2.8, we get. z; = z,.

Conclusion:

In this paper our result has been remove continuity of mapping and containment of
ranges which improve the result of K. Wadhwa and H.dubey By using new class function, which
can be helpful for the researcher and accelerate sustainable development for the existence and
uniqueness of common fixed point. This result can be extended in fuzzy 2-metric space, fuzzy 3-
metric space and Interval Valued fuzzy metric spaces.
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